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THE LOCAL THETA CORRESPONDENCE AND THE LOCAL GAN GROSS PRASAD 


CONJECTURE FOR THE SYMPLECTIC-METAPLECTIC CASE 

HIRAKU ATOBE 


Abstract. We prove the local Gan—Gross-Prasad conjecture for the symplectic-metaplectic case under some 
assumptions. This is the last case of the local Gan-Gross—Prasad conjectures. We also prove two of Prasad’s 
conjectures on the local theta correspondence in the almost equal rank case. 
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1. Introduction 

In [16] and Gross and Prasad studied a restriction problem for special orthogonal groups over a local 
field and gave a precise conjecture. They and Gan m and 0) extended this conjecture to classical groups, 
which are called the local Gan-Gross-Prasad conjectures (GGP). These conjectures consist of four cases; 
the orthogonal, hermitian, symplectic-metaplectic and skew-hermitian cases. The orthogonal, hermitian 
and skew-hermitian cases were proven by Waldspurger [37], [38], [40] . [41] and Moeglin-Waldspurger [28] . 
Bezuart-Plessis i, 0, 0 and Gan-Ichino [10], respectively. 

In this paper, we consider the orthogonal and the symplectic-metaplectic cases. Let L be a non-archimedean 
local field of characteristic zero. We denote by (Um+i, (•, ■)vm+i) (resp. (W 2 Tt, (u •)vU 2 „)) an orthogonal space 
of dimension m -I- 1 (resp. a symplectic space of dimension 2n). Let Vm C Vm+i be a non-degenerate sub¬ 
space of codimension 1, so that we have a natural inclusion SO(Um) SO(14n-i-i)- We let Sp(W 2 „) be the 
metaplectic group, i.e., the unique non-split central extension of Sp(W 2 „): 

1 -^ {±1} -^ s 5(W'2„) -^ Sp(W2„) -^ 1. 

In particular, we have a diagonal embedding 

A: S0(U™) -A S0(v;„) X SO(V„+i) 


and a natural map 

A: Sp(IV2„) -)> Sp(W2„) X Sp(W2„), 

where the first factor is the identity map and the second factor is the projection map. 

In the orthogonal case, for an irreducible smooth representation a of SO(Um) x SO(I4n-i-i), one is interested 
in determining 

dime (HomAso( ) (ct, C)). 
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We shall call this the Bessel case (B) of the GGP conjecture. On the other hand, we fix a non-trivial additive 
character ■0 of F, and let be a Weil representation of Sp(W 2 „), which is given by the Heisenberg group 
associated to the symplectic space (W 2 „, 2 (', •)vV 2 „)- In the symplectic-metaplectic case, for an irreducible 
genuine smooth representation tt of Sp(W 2 „) x Sp(W 2 „), one is interested in determining 

dimc(Hom^gj(^,j,^^)(7r 0 C)). 

We shall call this the Fourier-Jacobi case (FJ) of the GGP conjecture. 

By results of Aizenbud-Gourevitch-Rallis-Schiffmann [I] , Waldspurger [39] and Sun [33] , it is known that 
the above Horn spaces have dimension at most 1. Hence, the main problems are to determine when the 
Horn spaces are nonzero. In [7], an answer for these problems is formulated in the framework of the local 
Langlands correspondence in a form proposed by Vogan [35], which treats the irreducible representations of 
all pure inner forms simultaneously. 

More precisely, a pure inner form of SO(I4i) is simply a group of the form SO(IFj), where is an 
orthogonal space with the same dimension and discriminant as Vm- Hence, a pure inner form of SO(Fm) x 
SO(I4„+i) is a group of the form 

SO(lC) X SO(lC+i). 

Wa say that this pure inner form is relevant if 10^ C V^+i and Fm+i/Im — Im+i/Im as orthogonal spaces. 
In this case, we have a diagonal embedding 

A: SO(lC)-A S0(K;) X SO(K;+i). 

On the other hand, Sp(IF 2 „) x Sp(IF 2 n) has no non-trivial pure inner forms. 

Let G = SO(Fm) X SO(I0„+i) or G = Sp(IF 2 „) x Sp(IF 2 „). For an L-parameter 0 of G, we should obtain 
a Vogan L-packet H^ consisting of certain irreducible smooth representations of G and its (not necessarily 
relevant) pure inner forms G'. Here, to parametrize irreducible genuine representations of Sp(IF 2 n), we use 
the theta correspondence for (Sp(IF 2 n), 0 (V 2 n-i-i))- Hence, by an L-parameter of Sp(IF 2 „), we mean one of 
SO(V 2 n-i-i), i-S., a symplectic representation 

0m: WDf^ Sp(M) 

of the Weil-Deligne group WDp oi F with dimc(M) = 2n. Moreover, for a fixed Whittaker datum ro = [B, fi) 
of G, which is a conjugacy class of a pair of an F-rational Borel subgroup B = TU of G and a generic character 
/i of the unipotent radical U{F) of B{F), there exists a natural bijection 

: H^ -)> Irr(7ro(S'0)), 

where we put = Gent(lm(0),G). For r] € Irr( 7 ro(S',)i)), we write 7r(7j) = 

The local Langlands conjecture has been established for quasi-split symplectic and special orthogonal 
groups by Arthur [^ under an assumption on the stabilization of the twisted trace formula. For this assump¬ 
tion, see also the series of papers [42] , [43] , [44] , [45] , [46] , [29] , [47] , [48] , [49] and [30] . In [IT] , Gan-Savin gave 
a parametrization (depending on the choice of a non-trivial additive character 0 of F) of irreducible genuine 
representations of Sp(H 2 „) by using the theta correspondence and the local Langlands correspondence for 
SO(V 2 n-|-l)- 

The GGP conjectures can be roughly stated as follows: 

Conjecture 1.1 (B). Let G = SO(I0„) x SO(I0„+i). 

(1) Given a generic L-parameter 0 of G, there exists a unique representation 71 ( 77 ) £ ^<f> such that 
TT{r]) is a representation of a relevant pure inner form G' = SO(lVj) x SO(IVj_|_]^) and such that 
HomAsow,;)( 7 ^( 77 ), C) 0; 

(2) There is a precise recipe for the unique character 77 . 

Conjecture 1.2 (FJ). Let G = Sp(IF 2 „) x Sp(IF 2 n) and fix a non-trivial additive character ip of F. 

(1) Given a generic L-parameter 0 of G, there exists a unique representation Tr{r]) € H^ such that 

( 77 ( 77 ) 0 ov, C) 7 ^ 0; 

(2) There is a precise recipe for the unique character 77 . 
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In 0 we will recall the recipes for the unique characters. Waldspurger [37], [38], [40], [41] shows the 
orthogonal case for tempered L-parameters, and Moeglin-Waldspurger [5S] extends this result for generic 
L-parameters. 

In fact, there are GGP conjectures in general codimension cases (Conjecture 17.1 and 17.3 in [7]). However, 
[7| Theorem 19.1] says that the general codimension cases follow from the basic case (B) and (FJ). Hence we 
consider only the basic case in this paper. 

The purpose of this paper is to establish the symplectic-metaplectic case (FJ), which is the last case of the 
local conjectures, as well as two conjectures of D. Prasad concerning local theta correspondence in almost 
equal rank cases, under the following assumptions: 

(LLC) We assume the local Langlands correspondence for symplectic groups and special orthogonal groups 
in a form proposed by Vogan. (See ([U) 

(GPR) In addition, we assume a conjecture of Gross-Prasad and Rallis, which characterizes the generic 
L-parameters in terms of the local adjoint L-function. (See >13.21 1 
(B) We use the works of Waldspurger [37], [38], [40], [41] and Moeglin-Waldspurger [28] on the Bessel 
case of the GGP conjecture. (See >14.11 1 

(NQ) Further, we assume some property of the local Langlands correspondence for non-quasi-split special 
orthogonal groups. (See >16.31 1 

(IS) Finally, we assume an irreducibility condition for standard modules of Sp(lF 2 „). (See >13.61 1 
In this paper, we show the following: 

Theorem 1.3. Assume {LLC), (GPR) and {B). Let (/) and (f> be generic L-parameters of Sp{W 2 n) o,nd 
Sp(W 2 n), respectively. 

(1) If 4> and 4> are tempered, then {F J) is true for (f x (p. 

(2) If we further assume (NQ), {IS) and that there exists a quadratic character x of such that the 
local L-function L{s, 4>® x) regular at s = 1, then {F J) is true for p x (p. 

The argument in the proof of [T] Theorem 19.1] works when we restrict to the above cases respectively. 
Namely, we can deduce the following corollary from Theorem ll.3l 

Corollary 1.4. Under the same assumptions as Theorem M.?t\. Conjecture 17.1 and 17.3 in [7] are true. 

We have some remarks on these assumptions. For quasi-split symplectic and special orthogonal groups, 
(LLG) has been established by Arthur [2] under some assumption on the stabilization of the twisted trace 
formula. For this assumption, see also the series of papers [42], [43], [44], [45], [46], [29], [47], [48], [49] and 
[30]. For any quasi-split connected reductive groups, the assumption (GPR) has been established by [lOl 
Appendix B]. The assumption (NQ) is an intertwining relation for non-quasi-split special orthogonal groups. 
For quasi-split orthogonal groups or symplectic groups, the intertwining relations easily follow from results of 
Arthur [2]. The properties analogous to (IS) have been established by Moeglin-Waldspurger [^ for Sp(kF 2 „) 
and SO(Kn), and by Heiermann [18] for any quasi-split connected reductive groups. 

We describe the main idea of the proof of Theorem 11.31 The method is analogous to the work of Gan- 
Ichino m- As in that paper, by the local theta correspondence, the Bessel and the Fourier-Jacobi cases of 
GGP conjectures are related. More precisely, there exists a see-saw diagram 

Sp(TT2n) X{±1} Sp(lF2n) 0(V2n+2) 



Sp(W 2 „) 0(H2n+l) X 0(Hi) 

with disc(Vi) = — 1, and the associated see-saw identity holds: 

Homsp(W2„)(0V’A2„+i.W2„('r) G a;_^,7r) = Homo(y2„+i)(0i/>,V2n+2.W2„(7r),T) 

for irreducible smooth representations tt of Sp(lF 2 n) and r of 0(V2r!,+i)- The left-hand side of the see-saw 
identity is related to the Fourier-Jacobi case (FJ), whereas the right-hand side is related to the Bessel case 
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(B). Therefore, if we knew the local theta correspondence for (Sp(lT 2 n), 0 (t^ 2 n+ 2 )) and ( 0 (V 2 n+i), Sp(kK 2 n)) 
explicitly, then the see-saw identity would give the precise relation of (FJ) and (B). 

More precisely, one considers the following statements: 

(0) If (resp. is a generic L-parameter of Sp(IF 2 n) (resp. SO(V 2 n+i)) and tt £ (resp. r £ IIt-), 
then the big theta lift 0 i/),V 2 n+ 2 ,VE 2 „('^) (resp. Oip,V 2 n.+i,W 2 n('’')) is irreducible (if it is nonzero). 

(Mp) If r|SO(V 2 n+i) bas parameter [if)^,r]r) and 0 i/i,v' 2 Ti+i,tV 2 „('’’) bas parameter tben {(l>,rj) can be 

described in terms of (^T)??r) explicitly. 

(PI) Likewise, if tt has parameter (</>,„.,7y.,r) and a '■= fi*j/’,v' 2 „+ 2 .iE 2 n(^)|SO(b 2 «+ 2 ) bas parameter 
tben ((pcr,r]cr) can be described in terms of {(j)Tr, Vtt) explicitly. 

(G) If (pTT and (j) are generic parameters, then so are (pa and pr- 
Note that these statements are not true in general. See Proposition I1.5I and I1.6I below. 

The statement (G) is needed to use the Bessel case (B). For p, by definition of generic parameter for 
Sp(IF 2 n), the statement (G) is true. (See ^3.61 1 However, (G) is not always true for p^^. The last assumption 
in Theorem ll.3l f2') implies (G) for 0^. More precisely, by using (GPR) for Sp(IF 2 n) and SO(V 2 n+ 2 ), we have 
the following: 

Proposition 1.5 fLemma 15.ip . Let p^^ be a generic L-parameter of Sp{W 2 n) ond x be the discriminant 
character of V 2 n+ 2 - Then the L-parameter pa of SO(V 2 n+ 2 ) given by pT^ is generic if and only if the local 
L-function L{s, p.^ ® x) is regular at s = 1. 

In particular, if pT^ is tempered, then pa is generic. Indeed, pa is also tempered. 

In [21], D. Prasad has formulated a precise conjecture regarding (PI). He also has formulated one regarding 
(P2) as follows: 

(P2) Let tr be an irreducible representation of 0 (V 2 ra). If an irreducible constituent of a := (T|SO(V 2 ra) 
has parameter (pa,r]a) and 6 *i/’T 27 i+i.tV 2 n( 2 ^) bas parameter ( 07 r,? 77 r), tben (^p^,r]^) can be described 
in terms of (pa^rja) explicitly. 

We shall also denote by (weak PI) (resp. (weak P2)) the part of Gonjecture (PI) (resp. (P2)) concerning 
only the correspondence of L-parameters. 

Proposition 1.6. IFe have the following: 

(1) ([HI Theorem 8.1 (ii)] and [9l Proposition CA (i)]) The statement (0) holds for tempered parame¬ 
ters. 

(2) ([9l Proposition C.A (ii)] -|- [28l p.40 Theoreme (i)]) If pa is generic, then (0) holds for p^^. 

(3) ([m Theorem 8.1 (hi)]) The assumption (IS) implies (0) for pa- 

(4) l |lll Gorollary 1.2] and [S] Theorem (7.5]) The statements (Mp), (weak PI) and (weak P2) hold. 

Using the see-saw identity above and Proposition ll.61 we reduce Theorem 1 1.31 and (P2) to Conjecture (PI) 
and (B). In view of results of Waldspurger [37], [38], [40], [41] and Moeglin-Waldspurger [28], it is enough to 
show the statement (PI). Finally, we show that: 

Theorem 1.7. Conjecture (PI) holds. 

In [To], Gan-Ichino proved Prasad’s conjecture for unitary dual pairs, and conclude the GGP conjecture 
for the skew-hermitian case. The proof of Prasad’s conjecture for unitary dual pairs (for tempered case) 
consists two steps; a global argument with using Arthur’s multiplicity formula, and a local argument with 
using intertwining relations. The use of the recently established Arthur’s multiplicity formula is the main 
novelty. However, one can prove Prasad’s conjecture by using only the local argument. 

The proof of (PI) for tempered parameters in this paper is as follows: For given tempered tt, cr = 

(b‘4i,V2n+2,W2ni'^) 7 ^ ^ o £ considcr suitable induced representations = Indg^*'^’^”’''’^''^(ToXv G) tt) 
and (To = G) cr). One can show that: 

• TTo and (To are irreducible; 

• ^bA2™+2 + 2lc,W2n+2fc (’^a)l 

• TTo has parameter (p'^,r]'„) with tto(S^>J D 7 ro( 5 ' 0 ^) and ?7(rko(5'0„) = 
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• (Ta|SO(y 2 „+ 2 + 2 fc) has parameter with noiS^^J D 7ro(S^^) and rj^l7ro(S^^) = r/^. 

Finally, we obtain a relation between 77 ^ and 77 ^ by using the intertwining relations of tTq and era- Since 
a £ is arbitrary, we can describe in terms of 77 ^ explicitly. Conjecture (PI) for general parameters 
follows from that for tempered parameters by [SJ Proposition C.4]. 

In the proof of Prasad’s conjecture, we need to know (.toq for two Whittaker data to and tuo of Sp(kF 2 „) 
or SO(V 2 n+ 2 )- By Kaletha [19], it is known for the local Langlands correspondence for quasi-split symplectic 
and special orthogonal groups. However, in the local Langlands correspondence proposed by Vogan, certain 
issues arise. 

We explain these issues in more general setting. Let G be a quasi-split connected reductive group over a 
non-archimedean local field F of characteristic zero. A pure inner twist of G is a pair {G',ip, z), where G' is 
an algebraic group over F, z G Z^{F,G) and 

tjj-.G^G' 

is an isomorphism over F such that o a{ip) = Ad(zcr) for any a £ Gal{F/F). We call such a G' a pure 
inner form of G. In contrast to inner forms, G' may be also quasi-split over F even if the pure inner twist is 
non-trivial. For example, if is an orthogonal space with non-trivial discriminant, then SO(V 2 r!,) has two 
pure inner forms both of which are quasi-split. Note that in this situation, G and G' are isomorphic over F. 
Hence for an L-parameter </> of G, we may regard (j) as an L-parameter (j)' of G', and so that we should obtain 
two Vogan L-packets H^ of G and H^/ of G'. These are subsets of the same set ]Jq Irr(Gi(F)), where Gi 
runs over pure inner forms of G (hence of G'). Do these two L-packets coincide? If so, for Whittaker data tu 
and to' for G and G' respectively, what is the map 

Irr(7ro(5'0)) H^ = H^/ Irr(7ro(S'0))? 

Note that Kaletha’s result is the case when G' = G, but the problems we need to know are the case when G' 
is not necessarily the trivial pure inner form of G. In Appendix]^ we will give an answer in a special case. 

Acknowledgments. The author is grateful to Professor Atsushi Ichino for his helpful comments and sugges¬ 
tions. Thanks are also due to the referees for helpful comments. This work was supported by the Foundation 
for Research Fellowships of Japan Society for the Promotion of Science for Young Scientists (DCl) Grant 
26-1322. 

Notations. Let L be a non-archimedean local field with characteristic zero. Of be the ring of integers of F, 
737 be a uniformizer, q be the number of elements in the residue class field Op/wOp and | • |f be the normalized 
absolute value on F so that \vj\p = q~^. We denote by F, Wp and WDp = Wp x SL 2 (C) the absolute Galois, 
Weil and Weil-Deligne groups of F, respectively. Fix a non-trivial additive character ijj of F. For c G F^, 
we define an additive character ijjc or crp of F by 

ipdx) = c'ip{x) = ip{cx). 

Moreover we set Xc = (-, 0 ) to be the quadratic character of F^ associated to c £ F^/F^^. Here, (•,•) is 
the quadratic Hilbert symbol of F. For a totally disconnected locally compact group G, we denote the set of 
equivalence classes of irreducible smooth representations of G by Irr(G). If G is the group of F-points of a 
linear algebraic group over F, we denote by Irrtemp(G) the subset of Irr(G) of classes of irreducible tempered 
representations. For a topological group F, we define the component group of F by no{H) = F/F°, where 
F° is the identity component of F. The Pontryagin dual (i.e., the character group) of a finite abelian group 
A is denoted by or A. 


2. Preliminaries 


In this section, we recall some notions. 
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2.1. Whittaker data. Let G be a quasi-split connected reductive group over F and B = TU be an F- 
rational Borel subgroup of G, where T is a maximal F-torus and U is the unipotent radical of B. We denote 
the center of G by Z. We call a character /j, of U{F) generic if its stabilizer in T{F) is equal to Z{F). A 
Whittaker datum of G is a conjugacy class of a pair tn = (B,^), where B = TU is an F-rational Borel 
subgroup of G and ^ is a generic character of U{F). We say that tt S Irr(G(F)) is ro-generic if 

Hom,7(ir)(7r,^) ^ 0. 

If TT is tu-generic for some Whittaker datum ro of G, then we say that tt is generic. 

2.2. Orthogonal spaces. Let V = Vm be a vector space of dimension m over F and 

{■,-)v:VxV^F 

be a non-degenerate symmetric bilinear form. We take a basis {ei,..., Cm} of V, and define the discriminant 
of an orthogonal space V by 

disc(F) = disc(y, (•, ■)v) = 2“™(—1)~t ' det{{{ei,ej)v)i,j) mod G F^/F^'^. 

Note that this differs from disc(y,g) as in O p. 41], which is not used in this paper. Let xv = (•,disc(I4)) 
be the character of F^ associated with F(y^disc(F))/F. 

We denote the anisotropic kernel of V by Kn- The special orthogonal group SO(F) is quasi-split if and 
only if dim(t4n) < 2. In this case, we choose a subset {vi, = 1,..., n} of V such that 

{vt,Vj)v = {v*,v*)v = 0, (vi,v*)v = S^J, 
where n is the integer such that m = 2n + 1 or m = 2n + 2. We set 

Xk = Fvr+---+ Fvk and = Fv^ + ■ ■ ■ + Fvl 

for 1 < fc < n. Let Vi be the orthogonal complement of A„ © X* in V, so that Vi is an orthogonal space of 
dimensional 1 or 2. We denote by F = TU the F-rational Borel subgroup of 80(14) stabilizing the complete 
flag 

0 C {vi) C {vi,V 2 ) C • • • C ('Ui, .■.,Vn) = x„, 
where T is the F-rational torus stabilizing the lines Fvi for i = 1,... ,n. 

If m = 2n +1, then there is a unique T-orbit of generic characters of U. Let Vi = Fe. We choose a generic 
character ^ oi U such that 

^(u) = tp{{uV 2 , Ui)v H-h {uVn, <_l)v + {uC, V^)v) 

for u £ U. We define a Whittaker datum to of 80(14) by to = (F, fj,). 

Next, we suppose that m = 2n + 2 and 80(14) is quasi-split. Then there exist c,d£ F^ such that 

1^1 ^ F[X]/{X^ - d) 

as vector spaces, and the pairing of Vi is given by 

(a, /3) (a, /3)v\ := c • tr(a^), 

where /3 i—>■ /3 is the involution on F[X]/(X^ — d) induced by a + hX i—>■ a — bX. In this case, we say that 14 
is type (d, c). Note that disc(14) = d mod F^^. If 14 is type (d, c), then we can take e, e' G li such that 

(e, e)y = 2c, (e', e')y = —2cd and (e, e')y = 0. 

Then we define a generic character /Zc of U by 

/Zc(m) = ip{{uv 2 ,Vi)v H-1- {uvn,v*^_i)v + {ue,v*)v)- 

By m §12], the map c' i—,> /ig' gives a bijection (not depending on ip) 

cNe/p{E^)/F^^ —>• {T-orbits of generic characters of U}, 

where E = F{-\/d). Note that 14 is both type (d, c) and (d, c') if and only if c' G cNe/p{E^). We define a 
Whittaker datum of 80(14) by = (^B,^c)- Note that tOc does not depend on the choice of ip. 
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2.3. Symplectic spaces. Let W = W 2 n be a vector space of dimension 2n over F and 

W X W ^ F 

be a non-degenerate symplectic form. The symplectic group Sp(VT) is a split algebraic group over F. We 
choose a basis {wi, w*li = 1, ..., n} oiW such that 

{wi,Wj)w = {w*,w*)w = 0 , {wi,w*)w = Sij. 

We set 

Yk = Fwi+---+Fwk and = Fwl + ■ ■ ■ + Fw^. 

Let B' = T'U' be the F-rational Borel subgroup of Sp(W) stabilizing the complete flag 


0 C {wi) C {wi,W2) C ••• C {wi,...,Wn) = Yn, 


where T' is the F-split torus stabilizing the lines Fwi for i = 1,... ,n. For c S F^, we define a generic 
character of U' by 

= 1p{{u' W 2 ,wl)w H-h {u'Wn, + c{u'W^, wl)w) ■ 

By m §12], the map c H> /i^ gives a bijection (depending on ip) 

FX/fx 2 {T'-orbits of generic characters of U'}. 

We define a Whittaker datum of Sp(VF) by tu^, = {B', We emphasize that to^, depends on ip. 


2.4. Parabolic subgroups. Fix a positive integer k. Let V = V 2 m' be an orthogonal space with dim(F) = 
2m' = 2m -I- 2fc and type (d, c). We set X = Xk and X* = X^. Let V be the orthogonal complement of 
X ® X* in V', so that V is an orthogonal space of dimensional 2m over F. Let P = Pk = MpUp be the 
maximal parabolic subgroup of O(F') stabilizing X, where Mp is the Levi component of P stabilizing X*. 
We have 


Mp = {mp{a) ■ h \ a G GL(X), h € 0(F)}, 

Up = {up{b) ■ up{c) I b G Hom(F, X), c G Syin(X*, X)}, 


where 


mp(a) = 1\ 


(«*)■ 


'lx b -^bb*\ fix 

Up{b) = ( ly -b* I , Up{c) = I iy 

lx* 


lx*, 


and 


Sym{X*,X) = {ce Hom(X*,X) | c* = -c}. 

Here, the elements a* G GL(X*), b* G Hom(X*, V), and c* G Hom(X*, W) are defined by requiring that 

{ax,x')v' = {x,a*x')v', {bv,x')v' = {v,b*x')v', {ex',x")v' = {x',c*x")v' 

for X G X, x',x" G X* and v G V. Let P° = P n SO(F') and Mp = Mp 0 SO(F'), so that Mp = 
GL(X) X SO(F). We put 


2m -|- fc — 1 

PP = --, wp = 


-Ix^ 




X 


where Ix G Hom(X*, X) is defined by Ixp* = Vi for 1 < i < A:. Then the modulus character Sp of P is given 
by 

6p{mp{a)hup) = | det(a)|p'’'’ 
for a G GL(X), h G 0(F) and up G Up. 
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Similarly, for a fixed positive integer k, we let W = W 2 n' be a symplectic space with dim(W^') = 2n' = 
2n + 2k and we set Y = Yk and Y* = Y^. We define W with dim(W) = 2n, Q = MqUq C Sp(W'), mg^a), 
UQ{b), Uq{c), Sym(y*,y) = {c G Hom(y*,y) I c* = —c} and ly as above. We put 


2ti -j- /c ~t“ 1 

PQ = - 2 -’ ^ 

Then the modulus character Sq of Q is given by 

<5Q(wQ(a')5MQ) = 


I bet (a) I 



for a' £ GL(y'), g G Sp(iy) and uq G Uq. 


2.5. Representations of SO(y) and 0(y). Let V = Vm be an orthogonal space over F of dimension m. In 
this subsection, we recall some results about representations of SO(y) and 0(y). Note that any irreducible 
representation of 0(y) is self-dual by a result in Chapter 4. II. I]. We fix £ G 0{V) \ SO(y). 

First we assume that m = 2 ?t, -|- 1 is odd. Then we can take e in the center of 0(y) and we have 

0(y) = SO(y) X {e). 

Hence, if ct G lrr(0(y)), then CT|SO(y) is also irreducible. Moreover for a G Irr(SO(y)), there are exactly 
two extensions of a to 0(y). In particular, a is self-dual. 

Next we assume that m = 2n is even. For a G Irr(SO(y)), we denote by cr'^ the representation given by 
conjugating cr by s. The next proposition follows from the Clifford theory. See also [31 Lemma 4.1]. 


Proposition 2.1. (1) Fora G Irr(SO(y)), the following are equivalent; 

• cr® = a; 

• there exists a G lrr(0(y)) such that CT|SO(y) = a; 

• the induction IndgQ^^^ (cr) is reducible; 

• IndgQ^y^(CT) = cr © (ct (8) det) for any a G lrr(0(y)) with (f|SO(y) = cr. 

(2) For a G lrr(0(y)), the following are equivalent; 

• a ® det = a; 

• there exists a G Irr(SO(y)) such that IndgQyy^(cr) = a; 

• the restriction CT|SO(y) is reducible; 

• cr|SO(y) = cr © cr® for any a G Irr(SO(y)) with Ind^Qyy^(cr) = a. 

If cr G Irr(SO(y)) satisfies the conditions of ProDOsition [2d1 ([ T|) . we say that cr is e-invariant. We summarize 
these results in Table |T] below: 


Table 1. 


a 

e-invariant 

not e-invariant 


(7 = CT^ 

cr^ cr® 


CT © (d © det) 

irreducible 

d|so(y) = (T 

exists 

not exist 


Since any irreducible representation of 0(14) is self-dual, for a G Irr(SO(y)), we have 

cr = a or cr = cr . 


More precisely, we have 
Proposition 2.2. Let a G Irr(SO(y)). 


Then we have 

J cr if dim(y) = 0 mod 4, 

I cr® if dim(y) = 2 mod 4. 
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Proof. See m Proposition 5.3]. □ 

The group 0(y) acts on Irr(SO(F)) by conjugation. 

Lemma 2.3. Let n > 0 and V = V 2 n be an orthogonal space. 

(1) For (cr, Vct) £ Irr(SO(y)) and e £ O(T^) \ SO(y), we have 

IndsoTy)(tT) ^ Indg(^[^)((T"). 

(2) We put V = Xi + V + Xi with dim(y') = 2n + 2. Let P = Pi = MpUp C O(y') be a parabolic 
subgroup with Mp = GLi(P") x 0(y). Then for a £ Irrtemp(SO(y)), e £ 0(y) \SO(F) and a unitary 
character x of = GLi(F), we have 

Indp?*-^ cr) = Indp?^'^ \x~^ G ^r®). 

(3) For k > 0, we put V = Xk + V + X^. Let P = Pk = MpUp C 0{V') be a parabolic subgroup with 
Mp = GL(Xfc) X 0(y). Fix T £ Irr(GL(Xfc)) and a £ Irr(0(T^)). Assume that a := cr|SO(y) is 
irreducible. Then there is a canonical isomorphism 

Indp^^ \t 0 ct)|SO(T^') = Indp?^^ \t 0 cr). 

of representations ofSOfV). 

Proof. HI) The induced representation Indg^^y^ (tr) can be realized on 

^<7 := {/: 0{V) Va smooth | f{hg) = (j(h)f{g) for any h £ SO{V),g £ 0(F)} 
by {g ■ f){x) = f{xg). Then the map 

/ 1-4 [a; H> f{e~'^x)] 

gives an isomorphism —>■ X^e . 

(HI) Note that Indp?^^ ^(x G cr) is a direct sum of irreducible representations of SO(F'). The assertion 
follows from Proposition 12.21 and the fact that 

Indp?^'^ \x G cry = Indp?^'^ \x~^ ® cr^)- 

([3]) The representation Indp^'^ ^(r ® It) can be realized on a space of smooth functions / on O(F'). The 
map / 1-4 /|SO(F') gives a desired isomorphism. □ 

We define equivalent relations ^det on Irr(0(F)) and on Irr(SO(F)) by 

CT "^det cr G det and a cr® 

for a £ Irr(0(F)) and a £ Irr(SO(F)). Note that (t|SO(F) = (ct (g) det)|SO(F) and Indg^^^^(cr) = 
IndgQ^yj (cr'^). Hence, by Proposition 12.11 the restriction and the induction give a canonical bijection 

Irr(0(F))/ ^det^ Irr(SO(F))/^,. 

For a £ Irr(SO(F)), we denote the equivalence class of a by 

[cr] = {cr,cr®} £ Irr(SO(F))/-E. 


2.6. Theta lifts. We introduce the local theta correspondence induced by a Weil representation of 

Sp(VF) X 0(F) when dim(lF) = 2n and dim(F) = 2m, and recall some basic general results. 

We fix a non-trivial additive character ip of F. Let IF = lF 2 n and F = F 2 m- We denote a Weil represen¬ 
tation of Sp(lF) X 0(F) by w = oj^y^w Let tt £ Irr(Sp(lF)). Then the maximal rr-isotypic quotient of u is 
of the form 

TT Kl ©(tt), 

where ©(tt) = Qipy^w^) is a smooth finite length representation of 0(F). Hence, there exists an exact 
sequence of Sp(lF) x 0(F)-modules: 


^ 1 , 


1 


> 5[7r] 


->• (Jj 


■> TT S 0(7r) 
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where the kernel 5[7r] is given by 

5[7r] = Pi ker(/). 

/gHomsp(w)(<^,'n’) 

Similarly, for a G lrr(0(y)), we obtain a smooth finite length representation 0 (ct) = 0^ of Sp(H^). 

The maximal semi-simple quotient of 0(7r) (resp. 0(a’)) is denoted by 9(t:) = (resp. 9(a) = 

0ip,v,w(^))- The Howe duality conjecture, which was proven by Waldspurger [36] if the residue characteristic 
is not 2 and by Gan-Takeda [T3], [13] in general, says that 9{Tr) and 9(a) are irreducible (if they are nonzero). 
Moreover, we have the following: 

Proposition 2.4 ([31 Proposition C.4 (i)]). We set V = V 2 m and W = W 2 n- Let tt G Irrtemp(Sp(lT)) 
(resp. a G Irrtemp(0(H))) be a tempered representation. 

(1) Suppose that m = n + 1. Then 0(7r) is either zero or an irredueible tempered representation of 0(V) 
so that 0(7r) = 9(7:). 

(2) Suppose that m = n. Then 0(a) is either zero or an irreducible tempered representation of Sp(lT) 
so that 0(a) = 9(a). 


3. Local Langlands correspondence 

Through this paper, we assume the local Langlands correspondence for symplectic and special orthogonal 
groups. See [2]. In this section, we summarize some of its properties which are used in this paper. See also 
Appendix lA.31 and [7]- 


3.1. Representations of WL>p. Let M be a finite dimensional vector space over C. We say that a homo¬ 
morphism <f>: WL>p GL(M) is a representation of WBj: if 

• ^(Frob) is semi-simple, where Frob G Wp is a geometric Frobenius; 

• the restriction of (p to Wp is smooth; 

• the restriction of p to SL 2 (C) is algebraic. 

We call (p tempered if the image of Wp is bounded. We say that p is orthogonal or self-dual with sign -fl 
(resp. symplectic or self-dual with sign —1) if there exists a non-degenerate bilinear form B: M x M ^ C 
such that 

J B(p(w)x,p(w)y) = B(x,y), 

\ B(y, x) = B(x, y) (resp. B(y, x) = -B(x, y)) 

for x,y & M and w G WDp. In this case, p is self-dual, i.e., p is equivalent to its contragredient p'^ . 

For any positive integer n, there exists a unique irreducible algebraic representation Vn of SL 2 (C) (or 
irreducible continuous representation of SU(2)) with dimension n. It is easy to see that 


r orthogonal if n is odd, 
( symplectic if n is even. 


For a representation M of WDp, we define the L-factor L(s,M) and the e-factor e(s,M,'p) as in [33]- It 
is well-known that if M is a symplectic representation of WDp, then e(M) = e (1/2, M, p) does not depend 
on the choice of '0, and e(M) G {±1} (see, e.g., [T] Proposition 5.1]). 


3.2. Properties. Let G be a quasi-split connected reductive algebraic group over F. We denote the Lang¬ 
lands dual group and the L-group of G by G and ^G = G xi Wp, respectively. We call an L-homomorphism 

p: WDp 

an L-parameter of G. We say that two L-parameters are equivalent if they are conjugate by an element in 
G. We call an L-parameter p tempered if p(Wp) projects onto a relatively compact subset of G. We denote 
the set of equivalence classes of L-parameters of G by 4)(G). Let 4’temp(G) be the subset of ^(G) of classes 
of tempered L-parameters. For p G 4>(G), we put 

50 = Cent(Im(0),G). 
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A pure inner twist of G is a tuple {G',f,z), where G' is an algebraic group over F, /: G —>■ G' is an 
isomorphism over F and z £ Z^iF, G) such that f~^ o j{f) = Ad(z^) for any 7 £ F. Then we call G' a pure 
inner form of G. There exists a canonical bijection 

H^{F, G) i —>■ {The isomorphism classes of pure inner twists of G}. 

More precisely, see Appendix I A. 2 1 Moreover, since F is p-adic, there exists a canonical bijection (Kottwitz’s 
isomorphism) 

H\F,G) ^ i:Q(Z{Gf)^. 

See [231 Proposition 6.4]. Note that 7 ro( 2 '(G)^) is a central subgroup of 7 ro(S' 0 ). 

We are now ready to describe the desiderata for the Langlands correspondence. 

(1) There exists a canonical surjection 

lJlrr(G'(F))^ci>(G), 

G' 

where G' runs over all pure inner forms of G. For (j) £ 4>(G), we denote by the inverse image of (j) 
under this map, and call 11,^ the L-packet of (p. The L-packet is a finite set whose order is equal 
to #Irr( 710 ( 50 )). If ^ £ 4'temp(G), then II^ C UG'Irrtemp(G'). 

(2) For a Whittaker datum ro of G, there exists a bijection 

iro : -)> Irr(7ro(50)) 

which satisfies some character identities. More precisely, see Appendix lA.31 

(3) The local adjoint L-function L{s,4>, Ad) is regular at the point s = 1 if and only if ^^^(l) £ II^ is 
tD-generic for any Whittaker datum to. In this case, we say that the L-parameter p is generic. 

(4) An irreducible representation rj of 7 ro( 50 ) has a central character of 'Kq{Z{G)^), which gives a class 

of iF^(F, G), i.e., an isomorphism class of pure inner twists G'. Then £ Irr(G'(F)). 

Once we fix a Whittaker datum tu of G, we denote by 71 ( 77 ) th® representation in II^ corresponding to 
r] £ Irr(7ro(50)) via in,. 

The property (jS]) is a conjecture of Gross-Prasad and Rallis (GPR), which was proven in general by [TOl 
Appendix Bj. Note that for p £ 4>temp(G), the L-function L(s,()), Ad) is regular in the half-plane Re(s) > 0, 
so that (j) is generic by ([3]). 

In the rest of this section, we explain the desiderata of L-packets more precisely for symplectic and special 
orthogonal groups, which will be assumed in the rest of this paper. 


3.3. Type Bn. Let 71 > I and G = SO(V 2 n+i) be a quasi-split special orthogonal group. Then G = Sp 2 „(C) 
and^G = Sp 2 „(C)xIFV. An L-parameter^ of SO(V 2 n+i) gives a self-dual representation ((>: WDp —>■ GL(M) 
with sign —1, dimc(M) = 2n and det(M) = 1. The map p gives a bijection 

$(SO(y2n+i)) ^ $(SO(F2n+i)) := {p: WDp ^ Sp(M) | dimc(M) = 277 }/ ^ . 

We identify (p with p via this bijection. Let 4>temp(SO(F2ra-i-i)) be the subset of 4>(SO(V2ra-i-i)) of tempered 
representations. 

Let p £ $(SO(F 2 n-i-i))- We denote the centralizer of lm(0) in Sp(M) by G^ and its component group by 
A 0 = G^/G^. Then Tro{S^) = ii pi-^ p. If 

M 0 (F, 0 M,) © 0 (IF, © N,) © 0(C/, © {Pj + P/)), 
i€l+ iel- j&J 

where 

• Mi (resp. Ni) is an irreducible self-dual representation of WDp with sign —1 (resp. +1), 

• Pj is an irreducible representation of IFD p which is not self-dual. 
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which are pairwise inequivalent, and Vi^ Wi and Uj are multiplicity spaces, then the bilinear form on M gives 
a non-degenerate bilinear form on Vi (resp. Wt) of sign -|-1 (resp. —1). Moreover, we have 

noA.jx n Sp(W^*) X Y[GL{U,). 

iGl+ j€J 

For a semi-simple element a G C^, we denote by the (—l)-eigenspace of a on M. Then M“ gives a 
symplectic representation of WDp. If G 0(14) \ S0(I4), then 0 Mi. We have 

0(Z/2Z)a, ^(Z/2Z)™, 

ie/+ 

where m = 

By Kottwitz’s isomorphism, we have S0(V2n-i-i)) = 2, so that there are exactly two pure inner 

forms of G = S0(V2n-i-i)- They are S0(V2n-i-i) and S0(l2n+i)) where dim(F 2 n-i-i) = dim(F24-i-i) = 2n -|- 1 
and disc(V 2 n-i-i) = disc(V' 2 „+i)- We see that S0(V2n-i-i) is split, but S0(V'2'„+i) is not quasi-split. 

ByH Theorem 1.5.1 (b)], for 0 G $temp(S0(V2n-i-i)), we obtain an L-packet 11^, which is a finite subset of 
Irrtemp(S0(V2n-i-i)), and a canonical bijection II^ —>• 7ro(G0/{±l})''. We assume that there are a Vogan 
L-packet II^ C Irrtemp(S0(F2n-i-i)) U Irrtemp(S0(V2'„+i)) such that II^ fl Irrtemp(S0(F2n-i-i)) = and an 
extension : II^ —>• of We extend L-packets for general (f) G $(S0(V2n-i-i)) as follows. In general, we 
can write 

= 4 '! ® • • • ® </>r © <(>0 © © • • • ® </'l , 

where 

• is a fci-dimensional representation of WDp for i = 1 ,... ,r, which is of the form 4*1 = '(’i © I ‘ If 
for some tempered representation </>' of WDp and some real number Si such that 

Si > • • • > Sr > 0, n = no + (fci H-+ kr); 

• 00 G 5temp(SO(F2no+i)) T riQ > 1, and 0o = 0 if no = 0. 

We write 

V'n+l = dfi © • • • © Xr © Fano-^l © dC; © ' ' ' © ^1*, 

where W and X* are /ci-dimensional totally isotropic subspaces of l 2 *„+i such that Xi(BX* is non-degenerate, 
mutually orthogonal, and orthogonal to V'ng+i- Let P° be the parabolic subgroup of SO(V' 2 *„+i) stabilizing 
the flag 

C © X2 C • • • C © • • • © Xr 
and Mp be the Levi component of P° stabilizing the flag 

X* c X* © x* c • • • c X* © • • • © x;, 

so that 

M°p ^ GL(Xi) X • • • X GL(Xr) X SO(V2*„o+i)- 

Then the L-packet II^ consists of the unique irreducible quotients tt of the standard modules 

Indp?^^^"+^^(Ti © • • • © Tr © TTo), 

where Ti is the irreducible essentially tempered representation of GL(W) corresponding to 0i for i = 1,..., r, 
and TTo runs over elements in Il^g (or tto = 1 if no = 0 so that SO(V 2 no-i-i) = {!})• In particular, if no = 0, 
then is singleton. If no > 1, then the natural map A^j,^ —>■ A^ is an isomorphism, and we define L-m M G 
by 

^10(^0) ~ ('^) . 

We say that 0 G $(SO(V 2 n+i)) is generic if II^ has a generic representation. Let $gen(SO(V 2 n+i)) be the 
subset of $(SO(V 2 n-i-i)) of generic representations. Then we have a sequence 

‘l’temp(SO(V2n-|-l)) C 'I’gen(SO(V2n-|-l)) C $(SO(V2n-|-1)) • 
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3.4. Type Cn- Let n > 1 and G = Sp(W 2 n) be a (split) symplectic group. Then G = S02n+i(C) and 
^G = S02ra+i(C) X Wf- An L-parameter ^ of G gives a self-dual representation (j): WDp GL{N) with 
sign 4-1, dimc(A^) = 2n -|- 1 and det(A^) = 1. The map cj)^ (j) gives a bijection 

$(Sp(W2„))-)> <i>(Sp(W2„)) := {<(): SO(A^) | dimc(Ai) = 2n-|-1}/= . 

We identify (/) with (j) via this bijection. Let $temp(Sp(tL 2 „)) be the subset of 4>(Sp(tT2„)) of tempered 
representations. 

Let (j) G ‘^(Sp(W 2 n))- We denote the centralizer of Im(^) in 0{N) by G^ and its component group by 
= G^IG°^. The centralizer of Im(((i) in SO(iV) is denoted by G^ . We put = l-m{G^ —>■ A^). Then 
T^oiS^ — Aj ii (j). If 

iV ^ 0 (y, 0 W) © 0 {W^ © M,) © 0(G, © {Pj + P/)) 

iei+ i€i- jeJ 

where 

• Mi (resp. Ni) is an irreducible self-dual representation of WDp with sign —1 (resp. +1), 

• Pj is an irreducible representation of WDp which is not self-dual, 

which are pairwise inequivalent, and y , ly and Uj are multiplicity spaces, then the bilinear form on N gives 
a non-degenerate bilinear form on y (resp. Wi) of sign +1 (resp. —1). Moreover, we have 

G^^W 0 (y) X l[ Sp(W,) X l[ GL{U,). 

i£l+ i£l~ j^J 

For a semi-simple element a G G^j), we denote by the (—l)-eigenspace of a on N. Then 7V“ gives an 
orthogonal representation of WDp- If Oi G 0(y) \ SO(y), then = y“‘ © Ni. We have 

= 0 (Z/2Z)a, ^ {Z/2Zr, 

ie/+ 

where m = #/“*". We see that Aj is the kernel of the character 

A,^ 9 a. ^ g 

Hence we have Aj = (Z/2Z)™“^ since some Ni has odd dimension. 

By Kottwitz’s isomorphism, we have #iL^(P, Sp(W 2 „)) = I, so that there are no non-trivial pure inner 
forms of G = Sp(iy 2 „). 

By m Theorem 1.5.1 (b)], for cj) G ‘htemp(Sp(iy 2 n)), we obtain an L-packet H^, which is a finite subset of 
Iri'temp(Sp(H 2 „)), and a canonical bijection : H^ —>■ Aj for each Whittaker datum to), of Sp(iy 2 „). We 
extend L-packets for general cj) G 4)(Sp(IF2„)) as follows. In general, we can write 

</* = © • • • © © <(’0 © 4’r © ■ ■ ■ © 4‘X 1 

where 

• (/>i is a y-dimensional representation of WDp for i = I,... ,r, which is of the form t!*! = </>(© | • If 
for some tempered representation (j)j of WDp and some real number Si such that 

Si > • • • > Sr > 0, n = no + (A:i + • • • + kr); 

• (jlQ G $temp(Sp(iy2no)) ^ ^0 > 1, and ())o = 1 if no = 0. 

We write 

W2n = Tl © • • • © y. © iy2«o © y* © • • • © Y*, 

where y and Y* are fci-dimensional totally isotropic subspaces of W 2 n such that y © Y* is non-degenerate, 
mutually orthogonal, and orthogonal to W2no' Bet Q be the parabolic subgroup of Sp(W 2 rt) stabilizing the 
flag 


y c y © y c • • • c y © • • • © y 
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and Mq be the Levi component of Q stabilizing the flag 

Fi* C Yi* © La* C • • • C Fi* © • • • © Y; , 

so that 

Mq ^ GL(Fi) X • • • X GL(F,) x Sp(fF 2 „J. 

Then the L-packet 11^ consists of the unique irreducible quotients tt of the standard modules 

IndQ’*'’^^"^(ri © • • • © Tr © TTo), 

where Ti is the irreducible essentially tempered representation of GL(F) corresponding to for z = 1 ,..., r, 
and ttq runs over elements in if no > 0. If no = 0, then we ignore tto- In particular, if no = 0, then 11,^ is 
singleton. If no > I, then the natural map —>■ is an isomorphism, and we define (.(tt) G by 

(.(tto) = i{-K)\A^o. 

Recall that the set of Whittaker data of Sp(IF 2 n) is parametrized by /F^'^ (once we fix a non-trivial 
additive character ijj of F). For c G and a semi-simple element a in C^, we put r]c{a) := det(A^“)(c). By 
[71 §4], this gives a character rjc of AlJ. The following proposition is a special case of [HI Theorem 3.3]. 

Proposition 3.1. For ci,C 2 G F^, the diagram 

‘‘^Vc2/ci 

is commutative. 

We decompose IF 2 „ = F„ © F^ as in 92.41 We define 6 G GL(IF 2 „) by i5|F„ = and 5\Y* = —1y„*- 
Then 5 G GSp(IF 2 „) with similitude factor —1, and satisfies 

(dw,Sw')w2„ = (■w',w)w2„ 

for iv,w' G IV 2 „. Hence for tt G Irr(Sp(IF 2 „)), we have = tt^ by [271 Chapter 4. II. I]. This implies that 

= ^ro^(7r‘^) = © ?7-i- 

We say that (/) G <i)(Sp(IF 2 „)) is discrete if /“ = J = 0 and dim(ki) = 1 for each i G /+. In this case, is 
a finite group and H^ consists of irreducible (unitary) discrete series representations (i.e., square-integrable 
representations) of Sp(IF 2 „). If (/> is a tempered but not discrete parameter of Sp(IF 2 „), then we can write 

(j) = (j)l + (j)0 + 

where 

• is a fc-dimensional irreducible representation of WDp for some positive integer k, 

• 00 € <i)temp(Sp(lF 2 „o)) if TZo = zi - fc > 1, and 0o = 1 if no = n - fc = 0. 

In this case, there is a natural embedding ^ Hj, where we put = 1 if no = 0. We can decompose 

fF2n = Yk + W2no + 

and define a parabolic subgroup Q = Qk = FIqUq of Sp(W 2 „) as in 92.41 Hence, 

Mq ^ GL(Ffe) X Sp(IF2„g). 

Let T be the irreducible (unitary) discrete series representation of GL(F/c) associated to 0i. For tto G H^g, 
the induced representation IndQ^^'^^"^(T©7ro) decomposes to a direct sum of irreducible representations, and 

{tt G Irr(Sp(W 2 „)) | tt C Ind|P^^"’*^(T © tto)} = {tt e H^ | tro^(7r)|Hj^ = tro^(7ro)} 

for any c G F^. Here, if no =0, then we ignore ttq and interpret the right hand side to be H^. By using an 
intertwining operator, we can determine itti^(7r) completely. More precisely, see 96.31 below. 
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Let <i>disc(Sp(W' 2 n)) (resp. <i>gen(Sp(W 2 n))) be the subset of <i>(Sp(VF 2 n)) of discrete representations (resp. generic 
representations). Then we have a sequence 

$disc(Sp(W2„)) C $temp(Sp(VT2„)) C $ge„(Sp(VT2„)) C $(Sp(fT2„)). 


3 . 5 . Type Let n > 1 and G = SO(V2n) be a quasi-split special orthogonal group. We put E = 
F(-ydisc(V2n)). Then G = S02n(C) and ^G = S02n(C) xi We. The action of Wf on S02n(C) factors through 
Wf — Gdl{E/F). For 7 G Wp and (j) G <l>(S0(V2n)), we define ’^ij) ^ $(S0(V2n)) by = 7 • • 7“^. 

An L-parameter ^ of G gives a self-dual representation </>: WDp —>■ GL(A^) with sign -|-1, dinic(A^) = 2 n and 
det(A^) = Xvbn- The map (f>^ (j) gives a surjective map 

$(S0(F2„)) ^ $(SO(F2n)) := {<^: WDp ^ 0 {N) \ dimc(A^) = 2 n,det(Af) = xv^J/ = ■ 

Note that and (j) give the same self-dual representation. By [71 Theorem 8 . 1 ], for (j) G $(S0(V2n)), tbe 
inverse image of (j) under this map has one or two elements. We say that (j) G '5’(SO(V2n)) is e-invariant if the 
inverse image of (j) under this map is singleton. Let d)temp(S0(V2n)) be the subset of $(S0(V2n)) of tempered 
representations. 

We denote the centralizer of Im(())) in 0 {N) by G^ and its component group by = C^IG°^. The 
centralizer of Im((^) in SO{N) is denoted by G^. We put A'^ = Im(G^ —>■ A^). Then 7ro(S'(^) = Aj ii (j) 1-^ (j). 
If 

AT ^ 0 (t/^ ® AT^) © 0 (w, ® M,) © 0(G, © {Pj + P/)) 
ie/+ iG/“ jeJ 

where 

• Mi (resp. Ni) is an irreducible self-dual representation of WDp with sign —1 (resp. + 1 ), 

• Pj is an irreducible representation of WDp which is not self-dual, 

which are pairwise inequivalent, and Vj, Wi and Uj are multiplicity spaces, then the bilinear form on N gives 
a non-degenerate bilinear form on Vi (resp. Wi) of sign +1 (resp. — 1 ). Note that (p is £-invariant if and only 
if dimc(A^i) is odd for some i £ M (see [71 Theorem 8 . 1 ]). Moreover, we have 

G^^H 0 {V) X Y[ Sp(w) X Y[ GL{U,). 

i&I+ iel- j&j 

For a semi-simple element a G G^, we denote by N°‘ the (—l)-eigenspace of a on N. Then A^“ gives an 
orthogonal representation of WDp. If G 0 (Fi) \ 80 ( 1 ^), then A^“* = © Ni. We have 

A^= 0(Z/2Z)©^(Z/2Z)™, 

ie 7 + 


where m = . We see that A^ is the kernel of the character 


A^ 9 © ^ (-l)‘^™"b^b. 


Hence we have 



By Kottwitz’s isomorphism, we have 


(Z/2Z)’”-i 

(Z/2Z)’” 


if (j) is e-invariant, 
otherwise. 


#pi(P,S0(F2„)) 


1 if dim(F 2 n) = 2n = 2 and disc(F 2 n) 

2 otherwise. 


1 , 


Hence if n = 1 and disc(V 2 n) = 1, then there are no non-trivial pure inner forms of G = S0(F2n)- Otherwise, 
there are exactly two pure inner forms of G = S0(V2n)- They are S0(F2„) and S0(F2„), where dim(V 2 ra) = 
dim(F 2 n) = and disc(V 2 n) = disc(F 2 „). We see that 


split if disc(F 2 n) = 1, 

quasi-split but not split if disc(F 2 ra) 1, 


S 0 (F 2 „) is 
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if disc(y2„) = 1, 
if ciisc(y2„) + 1- 


S0(y2'J is 


not quasi-split 
quasi-split but not split 


By la Theorem 1.5.1 (b)], for (j) G $temp(SO(V 2 ri)), we obtain an L-packet 11^, which is a finite subset of 
Iri'temp(SO(V 2 n))/ and a canonical bijection : 11^ —>• 7ro(C^/{±l})^for each Whittaker datum rOc of 
SO(V 2 n). Moreover, the following are equivalent: 

• (j) is e-invariant; 

• has an orbit of an e-invariant element, i.e., an orbit of order one; 

• consists of orbits of an e-invariant element. 

This is the reason why we say that (p is e-invariant. We assume that there are a Vogan L-packet C 
U\/^«^Irrtemp(SO(y2*n))/ such that n Irrtemp(SO(V2n))/ ~£= n^, and an extension of 

Moreover we assume that (p is e-invariant if and only if consists of orbits of order one. We summarize 
these results and assumptions in Table [5] below. Here, [a] G H,^ with a G Irr(SO(y 2 n))i and a is an irreducible 
constituent of Indg^^^j ^(cr). 


Table 2. 



£-invariant 

not £-invariant 

dimc(Xi): odd 

contained 

not contained 



It- 

II 

It¬ 

'S- 

order of [cr] 

one 

two 





CT © (ct © det) 

irreducible 

a © det 

(T ^ tr © det 

a a ® det 

d|SO(l/2-J 

irreducible 

a® A 


We extend L-packets for general p G $(SO(V 2 n)) as follows. In general, we can write 



where 

• pi is a, fci-dimensional representation of WDp for i = 1,... ,r, which is of the form pi = Pi (E> \ ■ \p 
for some tempered representation p[ of WDp and some real number Si such that 

Si > • • • > Sr > 0, n = no -|- (fci -I- • • • -|- fcr); 

• d >0 € $temp(SO(y 2 no)) ^ ^0 > 1 , and = 0 if no = 0. 

First, we assume that no > 0. We write 

H2’„ = © • • • © Xr 0 Ha'no ® ® • • • ® ^1: 

where Xi and X* are fci-dimensional totally isotropic subspaces of such that Xi © X* is non-degenerate, 
mutually orthogonal, and orthogonal to 1^2'^^,. Let P° be the parabolic subgroup of SO(V'2*„) stabilizing the 
flag 

Xi C Xi © X2 C • • • C Xi © • • • © Xr 
and Mp he the Levi component of P° stabilizing the flag 

X* c X* © XI c • • • c X* © • • • © x;, 

so that 

M°p ^ GL(Xi) X • • • X GL(Xr) x SO(y2*„J- 
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Then the L-packet consists of the 0(t2n)-orbits of the unique irreducible quotients a of the standard 
modules 

Indp°^^^"^(ri ® ■■■ ®Tr® (To), 

where Ti is the irreducible essentially tempered representation of GL(Xi) corresponding to for i = 1,..., r, 
and [(To] runs over elements in . Since V 2 na ^ 0 and 

Indp?^'^^”^ (ti ® ® Tr® (Toy = Indp?*'^^'*^ (n ® ■ ■ ■ ® Tr ® do) 

for e € 0(V2no), the L-packet II^ is well-defined. The natural map Al^^ —>■ is an isomorphism, and we 

define (.(tt) G by 

6(7ro) = t(7r)|A0o. 

If no = 0, then det((/)) = 1, so that (p G <h(SO(V 2 n)) where SO(V 2 n) is split. In this case, the L-packet II^ is 
singleton and the unique element of II^ is the 0 (V 2 n)-orbit consisting of the unique irreducible quotients cr 
and (T^ of the standard modules 

Indp?^^^"^ (ti ® ■■ ■ ® Tr) and Indp?^^^"^ (ri ® ■■■ ® TrY . 

If disc(V 2 „) = 1, then the set of Whittaker data of SO(V 2 ti) is parametrized by If disc(V 2 n) Y I, 

then both SO(V 2 n) and SO(V" 2 „) are quasi-split, and the set 

(^{Whittaker data of SO(l 2 ^)} 

is parametrized by F^ /F^^. Note that $(SO(V 2 n)) = $(SO(V" 2 „)). An element in this set gives a (Vogan) 
L-packet of SO(V 2 n) and one of SO(y 2 n)- They are both subsets of Uv,«^Irr(SO(V' 2 *„))/ ^£. By Appendix 
IA.4[ these L-packets coincide. Hence, in each cases, there exists a bijection 

(•roc ■ —>■ A^ 

for any (j) G $(80(1/2^)) and c G F^/F^^. For c G F^ and a semi-simple element a in we put 
77c (a) := det(A'“)(c). By (T] §4], this gives a character r]c of Aj. Then we have the following proposition. 


Proposition 3.2. For Ci,C 2 G F^, the diagram 


At 


■Wc2/ci 


U, 


-> A+ 


is commutative. 


The case when both lUci and rDc 2 are Whittaker data of SO(V 2 n) is Kaletha’s result ([IH Theorem 3.3]). 
The proof of this proposition is given in Appendix IA.51 

We say that (p G d’(SO(V 2 n)) is discrete if /“ = J = 0 and dim(Vi) = 1 for each i G In this case, 
is a finite group and H^ consists of orbits of irreducible (unitary) discrete series representations (i.e., 

square-integrable representations) of SO(V 2 n)- If ()> G $(80(1(271)) is tempered but not discrete, then we can 
write 

()) = ())i -k ((<0 + 4>i, 

where 

• ((>1 is a A:-dimensional irreducible representation of WDp for some positive integer fc, 

• 4>o ^ $temp(SO(H2no)) if ?To = 77 - /c > 1 , and ^0 = 0 if 77o = 77 - A: = 0. 

First, we assume that no > 0. In this case, there is a natural embedding ^ Aj. Let [(Tq] G H^^ with 
(To G Irr(SO(H 2 no))- We can decompose 

V2n=Xk + V-^o+Xt 
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and define a parabolic subgroup P° = = MpUp of S0(b2*„) as in 92.41 Hence, 

M°p - GL(Xfe) X 

Let r be the irreducible (unitary) discrete series representation of GL(Xfe) associated to (j)i. Then the induced 
representation Indpo^ 0 (Tq) decomposes to a direct sum of irreducible representations, and 

{[cr] I cr e Irr(SO(y 2 ’„)),cr C Indp°^^""^(r 0 do)} = {H G H,^ | = '''r’c(M)}- 

Note that the left hand side is independent of the choice of a representative do of [do]. By using an intertwining 
operator, we can determine tro,,([d]) completely. More precisely, see 96.3l below. If no = 0, then det((/)) = 1, so 
that 4> G <l?(SO(V 2 n)) where SO(V 2 n) is split. Moreover the induced representation Indp?^'^^”^ (r) decomposes 
to a direct sum of irreducible representations, and 

= {[o'] 1 d G Irr(SO(V' 2 „)),d C Indp?*-^^"^(r)}. 

Let $disc(SO(V 2 Tt)) (resp. $gen(SO(V 2 r!,))) be the subset of <i>(SO(V 2 Tt)) of discrete representations (resp. generic 
representaitons). Then we have a sequence 

5disc(SO(H2n)) C 5temp(SO(H2n)) C 5gen(SO(V2n)) C $(SO(H2n)). 

3.6. Metaplectic groups. Let Sp(H 2 „) be the metaplectic group, i.e., the non-trivial central extension of 
Sp(W2„): _ 

1 -^ {±1} -^ Sp(IT2„) -^ Sp(IT2„) -^^1. ^ 

We denote the set of equivalence classes of irreducible genuine representations of Sp(lT 2 „) by Irr(Sp(IT 2 „)). 

We recall some results of Gan-Savin (Theorem 1.1 and Corollary 1.2 in [lljl. 


Theorem 3.3. Corresponding to the choice of a non-trivial additive character tjj of F, there is a natural 
bijection given by the theta correspondence: 

Irr(s5(W2„)) ^ Illrr(SO(yi'|i)), 

where the union is taken over all the isomorphism classes of orthogonal spaces ¥ 2^+1 over F with dim(y 2 n\i) = 
2n + 1 and disc(H 2 n+i) = 1- 

More precisely, for tF G Irr(Sp(lT 2 „)), there is a unique as above such that 9^ ^(i) (tt) is nonzero, 

in which case the image ofn is 0 ( 7 ?) = 6^ y(i) (^)|SO(l 2 ^,][p]^) G Irr(SO( 142 ^,][p]^)). 

Corollary 3.4. Suppose that the loeal Langlands conjecture holds for SO(V 2 n+i) with dim(V 2 n+i) = 2n + 1 
and disc(V 2 n+i) = 1- Then one has a surjection {depending on ip) 

C^: Irr(Sp(lT 2 „)) $(SO(y 2 n+i))- 

For (p G $(SO(V 2 „+i)), we denote by H^ the inverse image of cp under this map, and call H,^ the L-packet of 
(p. Moreover, the composition of Lxv cind theta lifts gives a bijection {depending on ip) of 

Lij; . H,^ ^ 

We put $(Sp(W 2 n)) := d)(SO(V 2 n+i)) and we call (p G d)(Sp(lT 2 ri)) an L-parameter of Sp(lT 2 ri). This is 
also an L-parameter of SO(V 2 n-i-i)- However we use 

5(s5(W'2„)) = $(SO(H 2 „+i)) = {WDf ^ Sp(M) 1 dimc(M) = 2n}/ ^ 
in this paper. Note that there is a bijection 4>(Sp(lT2„)) —>■ $(Sp(lT 2 n))- We regard as a map 

Irr(Sp(lT 2 „)) -)> $(Sp(lT 2 „)). 

By [TTl Theorem 12.1], we have the following theorem. 

Theorem 3.5. For n G Irr(Sp(lT 2 „)) and c G F^, we put (£^( 7 ?), i,^(7f)) = {(p,r]) and {C^^fit), i^^fft)) = 
{(pc,Vc)> where (p: WDp —>■ Sp(M) is a symplectic representation of WDp. Then the following hold. 
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(1) (jic = 4>®Xc, where Xc is the quadratic charaeter assoeiated to c € F^/F^'^. In particular, we have 

a canonical identification . 

(2) The characters rj and rjc are related by 

Pc{a)h{a) = e(M“)e(M“ ® Xc) • G {±1} 

for a G Ap, = Ap^. 

By the above theorem, we have a parametrization of Irr(Sp(W'2n)) using Irr(SO(V2n+i)) with disc(V2n+i) = 
c as follows. 


Corollary 3.6. Suppose that the local Langlands conjecture holds for SO(y 2 n+i) with dim(V 2 „+i) = 2n + 1 
and disc(y 2 ra+i) = 1- We fix c G F^ . 

(1) Corresponding to the choice of a non-trivial additive character of F, there is a natural hijection 

Op,: Irr(s5(W^2„)) ^ UIrr(SO(Fiti)) 

(c) 

where the union is taken over all the isomorphism classes of orthogonal spaces V 2 „_|_i over F with 
dim(V" 2 ^JJ^i) = 2n + 1 and disc(V' 2 ^JJ^i) = c. 

More precisely, for tt G Irr(Sp(W 2 n))) there is a unique as above such that 9^ y(c) (tt) 

is nonzero, in which case the image ofn is 6^{Tr) = 9^ y(c) (^)|SO(t 2 *l?+i) G Irr(SO(V' 2 ^,!J^i)). 

(2) The diagram 


Irr(Sp(bb)) 


Ulrr(SO(yi:^i)) 


-A $(Sp(Vb2n)) = $(SO(l/2n+l)) 


$(Sp(Vb2n)) - _ 

is commutative, where the bottom arrow is given by fie = fi®Xc- Moreover, for fi G $(Sp(W 2 Tt)) 
with C Irr(Sp(Vb)) and C U Iit(SO(V' 2 *;^+i)), the diagram 




-A 


n. 




Aa 


-A Aa, — A, 


0c 


is commutative, where the bottom arrow is given by rj ijc as in the above theorem. 

Proof. Let (•, •)c) be an orthogonal space with disc(y 2 ^°^i) = c. We consider a new orthogonal 

space defined by V, 


^2n+l 
disc(V^ 2 n|i) = c 

we have 


2 n+i = as vector spaces, and (•,-)i = c ^(•,-)c- Then we have 

disc(V' 2 *;^^i) = 1 in F^ /F^^. Moreover by explicit formulas of the Weil representations. 




So the first assertion follows from Theorem 13.31 In addition, the bottom arrows in the diagrams of the second 
assertion are ° and o respectively. Hence the second assertion follows from Theorem [331 D 


To parametrize Irr(Sp(W 2 „)), we use and We say that fi G $(Sp(W 2 „)) is generic (resp. tempered) 
if so is fi as an element in $(SO(F2nAi))- We put $gen(Sp(W 2 „)) = $gen(SO(V 2 „+i)) and $temp(Sp(W 2 „)) = 

‘l*temp(SO(V2ra+l)). _ 

As in l}2l we can define a parabolic subgroup Q of Sp(W 2 „) with the Levi subgroup isomorphic to 

GL„j(F) X{-i-i} • • • X{±i} GL„^(A') x Sp(W 2 „(,) with ni H-hn^ +no = n, and a Borel subgroup B' = T'U' 

of Sp(H 2 „). Here, GL„(F) is a double cover of GL„(F), B' = T'U' is the Borel subgroup of Sp(W 2 „) defined 
in Inland B' is the inverse image of B' in Sp(H 2 „). More precisely, see [TTl §2]. Let be the generic 
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character of U' defined in ^ We say that tt G Irr(Sp(W 2 n)) is to^-generic if Hom£//( 7 r,/i^) ^ 0. The following 
proposition is a part of Theorem 1.3 (and Theorem 8.1) in [llj . 

Proposition 3.7. Let V = V2n+i be an orthogonal space over F with dim(ld) = 2n + 1 and disc(ld) = 1, and 
W = W 2 „ be a symplectic space over F with dim(lT) = 2n. For a G lrr(SO(y)), by Theorem 13.31 we can 
take a unique extension a G lrr(0(y)) of a such that nonzero, so that 0,i,^v,w{^) G Irr(Sp(W)). 

(1) The representation a is tempered if and only if is irreducible and tempered. In particular, 

in this case we have Qipy^wi^) = 

(2) If a is the unique irreducible quotient of 

Indp^^^(Ti| det |p 0 • • • (g) Tr\ det \p (g) ctq), 

where P is a parabolic subgroup of 0(P) with the Levi subgroup isomorphic to x ••• x 

GL„^(F) X O(yo), n G Irrtemp(GL„,(F)), ctq G Irrtemp(0(V"o)), and si > ■ ■ ■ > Sr > 0- Then we have 

Ind^P^^ViI det |p ig) • • • (g Tr \det Ip" (g 0 ^,Eo.Wo(^ o)) ^ Qi,,v,w{^), 

where Q is the parabolic subgroup o/Sp(lT) with the Levi subgroup isomorphic to GL„j(P) X|±i} 
••• Xjj-ij. GLn,^(P) X Sp(Wo) and dim(Vb) = dim(lTo) + 1. In particular, Oipywi^) is the unique 
irreducible quotient of the standard module Ind(ri| det |p 0 • • • (g Tr| det |p 0 Qii,Vo,Wo{'^o))- 

(3) If a is Vo-generic, then 0y,,y,vE(cr) is Vo'i-generic. 

Let (j) G 5 gen(Sp(lT 2 „)) and c G F^. Then 4> ® Xc & $gen(SO(y 2 n+i)) by (GPR) for SO(P 2 n+i)- For 
the generic representation a G by Proposition 13.71 the theta lift 0 i/’cT 2 n+i,VE 2 „ (S') is rD(,-generic (if it 

is nonzero), where a is an extension of a to 0 (V 2 ri+i)- By Theorem 13.51 we have 6 *V’cT 2 n+i.W' 2 n(d") G H^. 
Therefore, by Proposition 13.71 for (f G $(Sp(lF 2 n)), we conclude that 

• if (/) is generic, then II^ has a rD(,-generic representation of Sp(lF 2 „) for each c G F^; 

• if (() is tempered, then 11 ,^ consists of tempered representations of Sp(lT 2 ri). 

Note that even if (j) is not generic, 11,^ may have a generic representation of Sp(W 2 „). 

Example 3.8. We set n = l. The Weil representation o/Sp(W 2 ) = SL 2 (F) decomposes 

into a sum of two irreducible representations, called even and odd Weil representations. More precisely, 
see [12]. We consider the even Weil representation uj^. Note that 0 ,/,_y 3 _vV 2 (‘^^)|SO(V 3 ) is the trivial rep¬ 
resentation lgo(V 3 ) of the split group 80 (^ 3 ). Hence the element in $(Sp(lT 2 )) associated to is = 

I • Ip ^ © I • Since Ad o = | • |p 0 1 0 | • 1 “^, we see that is not generic. However, by calculating 

the (twisted) Jacquet modules of we see that uj(p is Xo\-generic hut not Xo'^-generic for any c G F^ \ F^^. 
We conclude that 

• Hy c lrr(SO(V 3 )) has no generic representations of SOfVs); 

• Hy c lrr(Sp(lF 2 )) has a ni[-generic representation o/Sp(W 2 ) but does not have xv'^-generic ones for 
any c G F^ \ 

In this paper, we assume that if the unique irreducible quotient of a standard module of Sp(lP 2 „) belongs 
to a generic L-packet, then this standard module is irreducible. This is the assumption (IS) in (JTj Note 
that the analogous property for symplectic and special orthogonal groups was proven by [281 p.40 Theoreme 
(i)]. This assumption (IS) and Proposition 13.71 imply that if cr G Irr(SO(V 2 n+i)) belongs to a generic L- 
packet and a is an extension of a to 0 (V 2 n+i) such that ©i/j.VGn+i.MGn (d") i® nonzero, then the big theta lift 
0 V’A 2 r.+i.W 2 n(d^) i® ureducible. 

Let {V, (•, •)) be an orthogonal space with dim(P) = 2n 0 1 and disc(P) = c. We define a new orthogonal 
space —V by (P, —(•, •)). Then by [H] Lemma 3.2], for t G Irr(0(P)) with d^yw{T) 7 ^ 0, we have 
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We put TT = Let (j)r £ <i>(SO(y)) be a representation of WDp associated to r|SO(y). We put 

= iro(T|SO(y)j, (j) = £^( 7 f'^) and 77 = 1 ^( 7 ?'^). Then by Corollary 13.61 we have 

(j)T = 4>® x-c and 7)r = V-c, 

where rj-c is the character defined in Theorem 13.51 

4. Some conjectures 

In this section, we explicate the statements of the local (Gan-)Gross-Prasad conjecture for the orthogonal 
case and the symplectic-metaplectic case as well as Prasad’s conjectures on the local theta correspondence 
for (Sp(W 2 n), 0 (h 2 m)) with 

\2m — (2n + 1)| = 1. 

4.1. The local Gross—Prasad conjecture. In this subsection, we state the local Gross-Prasad conjecture 
(local Gan-Gross-Prasad conjecture for the orthogonal case) proven by Waldspurger [37], [38], [40], [41] and 
Moeglin-Waldspurger [28] . 

Let V be an orthogonal space over F and V be a non-degenerate subspace of V with codimension 
one. Assume that both SO(G) and SO(P') are quasi-split. Let p®™" and be in {V,V'} such that 
dim(P®''™) £ 2Z and dim(G°‘i‘i) ^ 2Z. 

Let (fiM'- WDp —>• Sp(M) and (j)N'- WDp —>• 0{N) be elements in <i)(SO(G°‘^‘^)) and <i)(SO(G®™")), re¬ 
spectively. Following [T] § 6 ], for semi-simple elements a £ Cm and b £ C^, we put 

y^(a) = £(M“ G N) det(M“)(-l)'^™^W /2 clet(Af)(-l)'^™^(^“)/", 

XM{b) = e(M G N’^) det(M)(-l)'^™^(^'’)/2 det(IV*')(-l)'^™‘’(^)/2. 

By [U Theorem 6.2], xn and xm define characters on Am and on A'^, respectively. 

We say that a pure inner form Gi = SO(Fl) x 80(14/) of G is relevant if 14/ is a non-degenerate subspace 
of 14i and VijV{ = VjV as orthogonal spaces. Then there is a natural embedding 80(14/) ^ 80(14i). Hence 
we have a diagonal embedding 

A: SO(F/) -A SO(F/) x 80(Fi). 

The Gan-Gross-Prasad conjecture for the orthogonal case is as follows. 

Conjecture 4.1 (B). Let (j)M'- WDp —)> 8 p(M) and 4 >n' WDp —>• 0(A) be in <i)gen(SO(14°‘^‘^)) and in 
$gen(SO(14®''®")), respectively. We take um £ and [un] £ H^^^ such that a = is a representation 

of a relevant pure inner form Gi = 80(14°'^'^) x 80(14]®™") of G. Then one has 

HomASO(y/)(o',C) ^ 0 x tro„([CTAr]) = XN X XM, 

where c = —disc(F°‘^‘^)/disc(14®''®"). 

Let e £ 0(14/) \ 80(14/). We can extend ctm to ctm £ Irr(0(14]°‘^‘^)). If / £ HomAso(y/)(<^Af ^ ctajC), 
then we have / o ((Jm{£) O id) £ HomAso(Vj')(c^M ^ Hence, (B) is independent of the choice of a 

representative of [ctat]. 

4.2. The local Gan—Gross Prasad conjecture for the symplectic-metaplectic case. We fix a non¬ 
trivial additive character ip of F. Let IF be a symplectic space over F, and Fi be an orthogonal space over 
F with dim(Fi) = 1 and disc(Vi) = 1. Hence there exists v € Vi such that {v,v)vi = 2. Then the space 
Vi 0W has a symplectic form 

O (•, ■)w- 

Let u}^ be the Weil representation of 8 p(Fi O IF) = 8 p(lF) given by the unique irreducible representation of 
the Heisenberg group H{Vi O IF) associated to the symplectic space (Fi O IF, (•, •)vi O (•, ■)w) = {W, 2(-, •)w) 
with the central character ip. 

Let (pM- WDp —>• Sp(M) and (p^: WDp —>• 80(A) be elements in <I)( 8 p(lF)) and in <i)( 8 p(lF)), respec¬ 
tively. We put A] = A 0 C, which is an orthogonal representation of WDp with even dimension. We may 
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regard as a subgroup of Note that : A'j^) < 2. Following [7l § 6 ], for semi-simple elements 

a G Cm and b G , we put 

XiVi(a) = e(M“ ® iVi) det(M“)(-l)'^™‘^(^i)/2 det(Afi)(-l)‘^™‘=(^“)/^ 

= e(M ® at]') det(M)(-l)‘^™"(<)/2 det(Af]’)(-l)'^™"(^)/2_ 

By 0 Theorem 6.2], xni and xm define characters on Am and on A~l^^, respectively. 

The identity map and the projection map give a diagonal map 

A: s5(TF) ^ s5(TF) X Sp(fF). 

The local Gan-Gross-Prasad conjecture for symplectic-metaplectic case is as follows. 

Conjecture 4.2 (FJ). Let (j)M- WDp Sp(M) and (j)N- WDp SO(iV) be in <i)gen(Sp(VF)) and in 
$gen(Sp(hF)), respectively. We denote by C Irr(Sp(VF)) the inverse image of (pM under the map L.^. 
Then for n G 11,^^ and it G fl^,^, one predicts 

^ 0 L^(n) X = XNi X xm\a+- 

There is a conjecture for general codimension cases (Gonjecture 17.1 and 17.3 in 0). However, by 0 
Theorem 19.1], the general codimension cases are reduced to the basic case (FJ). 


4.3. Prasad’s conjectures. We consider the theta correspondences for (Sp(lF 2 „), 0 (F 2 n-i- 2 )) and ( 0 (F 2 n), Sp(lF 2 „)). 
Let F+ = be an orthogonal space with dim{V^) = 2m and type (d, c). We denote by V~ = an 
orthogonal space such that dim(V^’))j) = dim(V^’])j) = 2m and disc(F 2 m) = disc(l 2 ’])j) but ^ F 2 m' Note 
that 80 (^ 2 ™) is quasi-split, and SO(V^^) is the non-trivial pure inner form of 80(^2^) exists). We 

put XV = XV2m ■ 

First, we let m = n -I- 1. The following proposition is a special case of 0 Theorem G.5]. 


Proposition 4.3. Let p G 4 >( 8 p(W 2 „)) and put 

</>' = (<(> G Xy) ® 1 e 5(SO(V2t+2))- 

(1) If p does not contain xv, then 

• ,W 2 n('^) *■5 nonzero for any tt G H^ and • = ±; 

• a irreducible and [a] G ; 

• the theta correspondence gives a bijection 

^V',y7„ + 2 W 2 n : ^ nirr(so(F 2 ’„+ 2 ))- 

(2) If p contains xv, then 

• exactly one of 6^ y+ W 2 „(^) v~ W 2 n^'^^ nonzero for any tt G H,^; 

• */ 6 'v-,y 2 n+ 2 .iy 2 n(^) ^ 0; t^cn a := d^,yA^ 2 ,vy 2 n(’r)|SO(F 2 n+ 2 ) irreducible and [a] G H^.; 

• the theta correspondence gives a bijection 


^’/’.y2n + 2W2n : H,; 


There is a canonical injective map 


A+ -)> A+. 

<t> <P 

It is bijective if and only if p contains xv- This map induces a surjection of the character groups 

The first conjecture of Prasad (PI) predicts the behavior of characters associated to tt and W 2 n (^)- 


Conjecture 4.4 (PI). Let p G 4’(Sp(W2„)) and put p' = (p ^ xv) ® 1 G ‘l’(80(F2n-i-2))' ’’’ ^ 

take a = 0iii,v’^_^^^,W2ni'^)\^^i^2n+2) such that cr 7 ^ 0, so that [cr] G A^f. Then one predicts 

'■tt.co(H)I^J = ^ro'^(7r) 
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for cq € . Namely, the diagram 


n. 




-A 


is commutative. 


24+ A- 


24t 


Note that the maps (^ip,v,^^^ 2 ’W 2 n depend on the choice of ip, but the maps and -(r- A^, 

do not. 

Next, we let m = n. The following proposition is a special case of [9l Theorem C.5]. 


Proposition 4.5. Let cj)' € <i)(SO(P 2 n)) o-n-d put 

4 >= {(j)' ® Xv) © XE € $(Sp(lT2n))- 

( 1 ) If (p' does not contain 1, then 

• nonzero for any [a] £ 11,^/ and any irreducible constituent a of (a); 

• ^tp,v^nA 2 n(.^) irreducible and belongs to 

• the theta correspondence gives a bijection 

[cr]en^, 

(2) If (p' contains 1 , then 

• for any [a] € II^/, there exists a unique extension a to 0(42n) such that ^W 2 n (^) nonzero; 

• ‘If ^iji,V’^,W 2 n(^) 7 ^ 0) then 0 ii>,v’,,,W 2 n(F) *'® irreducible and belongs to 11,^; 

• the theta correspondence gives a bijection 


e. 


Ip Air, A2, 


: n. 


n. 


We have two remarks. First, for [cr] G II^/, the induction IndgQ^^.^ ^(cr) does not depend on the choice of 
a representation a by Lemma mcD. Second, if (p' contains 1, then (p' is £-invariant. Hence any [cr] G H^/ is 
an orbit of order one, and there are exactly two extensions to 0 (F 2 n) of 
There is a canonical injective map 


At ^ 24 +. 


It is not bijective if and only if (p' is e-invariant and does not contain 1. This map induces a surjection of the 
character groups 


24+, ^ 24+. 


We put 


n^' 


y C Ind°^y|ya) I e^y.^,w2. iA) ^ o} C U Irr(0(F2*J). 
Hen^, " 


If cr is an irreducible constituent of Ind 


o(W„) 

so(y2*„) 


(cr), then the image of cr under the map 


lrr(0(y)) ^ Irr(0(F))/ ^det^ Irr(SO(F))/ 

is [crj. Here, the last map is given by the restriction. See >12.51 We define a map : H,^, —>• A^, by 
troco(5') := troco(H) for Co G F''. 

The second conjecture of Prasad (P2) predicts the behavior of characters associated to cr and dip,v^^,W 2 n{rr)- 


Conjecture 4.6 (P2). Let (p' G $(SO(F 2 n)) and put (p = {(p®xv)®Xv ■ For [cr] G H^,, we take an irreducible 
constituent a C Ind^Q^yj^(cr) such that tt = (3") is nonzero, so that tt G H^. Then one predicts 

''ro'j,(7r)|24+, = Croeo(CT) = imeo(M) 
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for cq € . Namely, the diagram 


At 




■> 

At 


is commutative. 


Note that the maps d.^y>^^w 2 n depend on the choice of if, but the maps and Aj 4— A'^, do 

not. 

Remark 4.7. Conjectures (PI) and (P2) may be slightly different from ones in |31j . The difference comes 
from the choice of the splitting Sp(W 2 n) x 0(V2m) Sp(bk 2 n ® V 2 m)- Wo use the splitting in [25]. See also 
explicit formulas for Weil representations below fLemmas \G.21 [^31 and l6.4]) . 

In this paper, we show (FJ), (PI) and (P2) under some assumptions. 

5. Reductions to (PI) for tempered L-parameters 

In this section, we reduce (PI), (P2) and Theorem ll.SI to (PI) for tempered representations. Through this 
section, we assume (PI) for tempered representations. 

5.1. Some lemmas. Let Sp(IT 2 n) and SO(V 2 ra+ 2 ) be quasi-split symplectic and special orthogonal groups, 
respectively. We put xv = XV 2 n+ 2 - To prove Theorem 11.31 we need the following two lemmas: 

Lemma 5.1. Let (f £ 4)gen(Sp(W2„)) and put (f' = {4>®Xv) © 1 € <i)(SO(V 2 n+ 2 ))- Then (f' is generic if and 
only if the local twisted L-function L{s, (f © xv) regular at s = 1. 

Proof. Since Ad o cf' = (Ad o (f) ® {(f ® Xv)i we have 

L{s, (j)', Ad) = L{s, (f), Ad) • L{s, (f © xv)- 

The assertion follows from this equation and (GPR) for Sp(IT 2 n) and SO(V 2 n+ 2 )- D 

Lemma 5.2. Let (f £ 4)(Sp(R2„)) and tt £ II^. Assume that 4>' = {4>® Xv) © 1 G d)(SO(V 2 n+ 2 )) is generic. 
Then the big theta lift 0i/),U2*„^2,VP2n(^)|SC)(^2n+2) *5 irreducible {if it is nonzero). Hence, 

®bA2n + 2W2n(7’')|SO(P2n+2) = 6'v-,y2’„ + 2 .^^2™ W | SO (P2*„+2 ) ■ 

Proof. If (j) is tempered, the assertion is in Proposition 12.41 In general, we may write 

4> = 4>1 • • • (B (j>r ® 4>0 ® 4’r © ■ ■ ■ © 1 

as in >13.41 Note that the canonical map Aj^ —>■ Aj is an isomorphism. Let tt £ II^. Then tt is the unique 
irreducible quotient of the standard module 

Indg'’^’^''"^(Tixy| det |Jl © • • • © TrXv \det © ttq), 

where is the tempered representation of GLfe^(F) associated to (j){, and ttq £ with (7r)|Aj^ = 
(tto)- Here, if no = 0, then we ignore ttq. By [9] Proposition G.4 (ii)], we have a surjection 

jO(W„ + 2) 


Ind; 


(n I det Ip • • • IX) Tr| uei 1^ ix) '^^,vi,^p^,W2„o WoJJ '='iAA2n+2.W'2„ 

Here, if no = 0, then we interpret 0i/i,v'2no+2,iT2„o i'^o) to be the trivial representation of 0(V2)- In particular. 


I det IP" © 0 


bA2no + 2.W'2no K)) 


0„ 




if 0)/’iU2n+2W2n (^) i® uonzero, then so is +2 W 2 no (’’’o)' ^ similar argument to Lemma [2.31 ([3|), we 


have 


Indp^^"”+"\ri|det 


Since (f' is generic, by 
0V’A2n+2.iU2„(7’‘)|SO(V2n-i-2) is also irreducible. 


Tr\ det I p © 0V>,U2*„^P2W2no ('^o))|SO(H2n+2) 

P V3- • • • © r,.| det Ip- © 0 V-.V' 2 ’no + 2 W 2 noK)|SO(H 2 '„o-H 2 ))- 
p. 40 Theoreme (i)], this standard module is irreducible. Therefore the quotient 




□ 
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5.2. Existence of (FJ). In this subsection, we prove the following proposition. 

Proposition 5.3. Let 

(j)M- WDf and (j)N : WDp ^ SO{N) 

he in <I*gen(Sp(W 2 n)) and in <i>gen(Sp(It 2 n)), respectively. Assume (PI) and that 

• any standard module o/Sp(W 2 n) whose unique irreducible quotient is in is irreducible; 

• L(s, 4>fi ® Xd) is regular at s = 1 for some d € . 

Then there exist n € and tt € such that 

I^o™as5(it2„) K tt) (g) C) 7^ 0. 

Proof. We consider the following see-saw diagram: 

S5(W'2„) S5(W'2„) 0(t/2n+2) 



Sp(W 2 „) 0(P2n+l) X 0(Pi) 

with disc(Pi) = — 1. 

Note that dimc(M) = 2n and dimc(iV) = 2n + l. We put 

{(l)a,Na) = ^ Xd) ^ Xd) and {4>t, Mr) = {(jiM ® Xd,M ® Xd)- 

Then is an e-invariant element in $(SO(V 2 n-i- 2 )) with disc(V 2 n-i- 2 ) = d, and (fr € $(SO(V 2 n-i-i)) with 
disc(y 2 n-i-i) = d. Moreover, by Lemma EH] and (GPR) for SO(V 2 ri+i), we see that (j)cr and (fr are generic. 
By (B), there are a pair of orthogonal spaces V 2 ra+i C V 2 n+ 2 , and [cr] G fl Irr(SO(b 2 n+ 2 ))/ '^e, r S 
n Irr(SO(V 2 ra+i)) such that 

HomAso(V2n+i) ®t,C)A 0. 

If we denote the orthogonal complement of V 2 rt+i in V 2 n-i -2 by Vi, then we have 

disc(PL) = -disc(V' 2 n+ 2 )/disc(V' 2 n+i) = -1- 
By Proposition 1321 and (the proof of) Lemma [521 we can find tt G II^^ such that 

0i/’T2n+2.W2„(7’‘)|SO(P2n-|-2) = cr. 

We claim that there exists an extension r, of r to 0(V2r!,-i-i) such that 

IIOmAO(V2n + l) (^V’T2Ti, + 2,LE2n (^)®r.,C)7^0. 

Let e = —I be the non-trivial element in the center of 0(V2n+i), so that e ^ SO(V 2 n-i-i)- Then there exist 
two extensions r+ and t_ of r to 0(V2n-i-i) such that T±(e) = ±1. For / G IIomAso(V 2 n+i)('^ ® t,C) with 
/ 7 ^ 0, we put 

f± = fo (0v..V2n+2.W2„(7r)(e) (g) r±(e)). 

We see that 

f± G HomAso(y 2 n+i)(o' ® T,C). 

Moreover we have (/±)± = / and /_ = —/+. Since dime Homso(V' 2 n+i)('^ (g) r, C) = 1 by [T] and [33]) we 
have f±=a±-f for some a± G {± 1 }. If /. = /, then / G HomAo(y 2 ,.+i)(®bT2n+2.VE2n(’’’) ® t,,C). Hence 
this Horn space is nonzero. 

By the see-saw identity, we see that 

HOmSp(W2„)(0i/>.V'2„ + l,VE2n ('''•) <8 W-V.,7r) = Homo(V2„ + l)(0V>.V'2n+2,VE2„(7’‘))'''.) 

= HomAo(y2„+i)(®b.V2„+2.W2„(7’‘) ® t.,C) A 0, 

since rf = t, . 

Putting 7? := 0i/’T2n+i,W2n('^•)) we see that 

Homsp(W2„) (g ^ (g VJf,, C) A 0- 




26 


HIRAKU ATOBE 


Note that tt G implies that tt^ G 11 ^;^. By the assumption of standard modules and a remark in 113.61 
we see that tt is irreducible. Moreover, by Corollary 13.61 we have n G This completes the proof. □ 

5 . 3 . Uniqueness of (FJ). In this subsection, we prove the following proposition. 

Proposition 5.4. Let (pM o-n-d (j)N be as in Proposition 15.31 Assume (PI) and the second condition of 
Provosition \5.‘6[ Let tt G 11 ,^^^ = and tt G Lf they satisfy 

then we have 

m = XNi X xm\A^, 
where we put and = imi)'?'')- 

Proof. Note that 

?^ 0 "l=^Homsp(W 2 „)(^Ow-^, 7 r'^) ^0. 

There exists a unique orthogonal space V^n+i such that dim(V2rt+i) = 2 n + 1 , disc(V2n+i) = d and 

0i/>,y2n + l,W2„('r) = TT 

for some r G Irr(0(V2„+i)). Let fir- WDp —^ Sp(Mt-) be the element in $(SO(V2„+i)) associated to 
T|SO(V2n+i) and pr = tro(T|SO(V2n+i)) S . Then by Corollarv l 3.61 we have 

Mr = M® Xd, Pr{a) = 77s(a)£(M“)e(M“ ® 

Let V2n+2 = V2n+i © Vi with dim(Vi) = 1 and disc(Vi) = — 1 . Then we have dim(V2n+2) = 2 n + 2 and 
disc(U2n+2) = —disc(V2n+i) ’ disc(Vi) = d. By the see-saw argument, we have 

0 7^ Homsp(iv2„) (tt © w_^, TT^) 

- Homo(y2„+i)(0i/',y2n+2,iy2„ ) 

= HomAO(y2n + l) ( 0 b,V 2 n + 2.W2„ © T, C) 

(G LIOm^gQ^y'2^^1) (Ol/>,V2n + 2,VE2n © T, C) 

since = t. We write a = Q'ip,V2n+2,W2ni'^'^)- Since Hom^o(V'2n,+i)© r,C) 7^ 0 , we have 5 7^ 0 , and so 
that a G Irr(0(V2Tt+2)) by Lemma [ 5 T] and [521 Let (j)„: WDp — 0 {Na) be the element in $(SO(V2n+2)) 
associated to [a] and put pa = G A'^^, where a := cr|SO(V2n+2) S Irr(SO(V2n+2))- Then by (PI), we 

have 

= (iv © Xd) © c and Pcr\A;^^ = p^v, 

where we put Pt^'j = irD'i('^^)- 

By (GPR) for SO(U2n+i) and Lemma [ 5 Tl we see that (fr G ‘hgen(SO(U2n+i)) and 4 )^ G $gen(SO(U2r!,+2))- 
Since HomAso(y2n+i) (^ © r, C) 7^ 0 and -disc(U2n+i)/disc(U2ra+2) = - 1 , by (B), we see that 

Pr{a) ■ tm_i(M)(fe) = e(^r © N,) det(M;)(-l)‘^™^(^'')/2 det(Af<,)(-l)'i™^(^“)/2 

X e{Mr © Nl) det(M^)(-l)'^™‘:(^')/2 det(Af^)(-l)'^™'=(^-)/2 

for a G A^^ and b G A . 

Now, for a G A^,^ = A^^ , we have 

eiMf © N,) = £((M“ © Xd) © ((iV © Xd) © C)) = e(M“ © Af)e(M“ © Xd) 

= £(M“ © Afi)e(M“)£(M“ © Xd), 
det{Mf) = det(M“) = 1 , dimc(M;) = dimc(M“). 

For beA+^C 24 + , we have © Xd and . Hence we have 

e{Mr © N) 4 ) = £{{M © Xd) © {N^ © Xd)) = £{M © iVf), 

det(A^,J) = det(A^'') = det(A^i), dimc(iV,J) = dimc(IV(’). 
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Moreover we have 

det(iVa) = det(7V)xd = det(A^i)x-d, dimc(A^a) = dimc(-/V) + 1 = dimc(-/Vi). 

Finally, by Proposition [32] and a remark after Proposition 13.11 we have 

tro_i(M)(6) = r]^{b) det(A^^)(-l) = (7r'^)(6) det(A^'’)(-l) = r]^{h). 

Therefore we have 

(r;s(a)£(M“)e(M“ ® . r,^(b) 

= (e(M“ (g) Ni)e{M^)e{M^ ® Xd)) det(M“)(-l)‘^™'=(^i)/2(det(Afi)Xd)(-l)'^™'=^““^/^ 

X £(M (g) iVj’) det(M)(-l)‘^™^(^i)/2 det(7Vi^)(-l)'^™‘^(“)/^ 

This gives the desired equation for r]^{a)r]Tr(b). □ 

5.4. (PI) and (P2) for tempered cases =J> those for general cases. Obviously, (PI) (resp. (P2)) is true 
for (j) G d)(Sp(VF 2 n)) (resp. (j)' G $(S0(V2n))) such that = 1 (resp. A^, = 1). Therefore, (PI) (resp. (P2)) 

for (j) G $(Sp(lF 2 n)) \ 5temp(Sp(VF2n)) (resp. (j)' G $(SO(F 2 n)) \ $temp(SO(y 2 n))) follows from the tempered 
cases and the compatibility of the local Langlands correspondences, the Langlands quotients and the local 
theta correspondences. See H3.41 T3.5l and (9] Proposition C.4 (ii)]. 

5.5. Proof of (P2) for tempered cases. In this subsection, we show that (PI) implies (P2). 

Let V = V 2 n and W = W 2 n- We put d = disc(F) so that xv = Xd- Let (j)' G 4)temp(SO(F)) and put 

4 >= { 4 >' ® Xd) © Xd e $temp(Sp(IF)). 

Let [cr] G Take an irreducible constituent a of IndgQy^lj((T) such that the theta lift tt = 0^,v»,ve( 3") is 
nonzero, so that tt G H^. Fix cq G . We have to show that 

''m'j7r)|y4+ = tro„^([cr]). 

We define an orthogonal space V* by Fj* = Fe © F* © Fe* equipped with the pairing which 

is an extension of {■,-)v and satisfies (e, e)y» = {e*,e*)v' = 0 and {e,e*)v’ = 1- Consider the theta 
correspondence for (Sp(IF), 0(Fi*)). Let oj = uj^y^w and Wi = be Weil representations of Sp(IF) x 

0(F*) and Sp(tF) x ©(F^*), respectively. Let P = MpUp be the maximal parabolic subgroup of 0(F]*) 
stabilizing Fe, where Mp is the Levi component of P stabilizing Fe*. Note that Mp = 0(F*) x GL(1,F). 
By a formula in 116.21 below, we see that there exists a surjective Sp(IF) x 0(F*) x GL(1, F)-homomorphism 

OJl —^ Cd K I * 1^. 

This implies that if tt G Irr(Sp(IF)) participates in the theta correspondence with 0(F*), then so does in the 
theta correspondence with ©(Fj^*). 

We put CTi = O^yyiTr) to be the theta lift to 0(F]*) and CTi = (fi|SO(F]*). As we have seen, this is 
nonzero, so that cti is irreducible by Proposition l2.4l and l4.3l There exists an exact sequence of Sp(IF) x 0(F]*)- 
modules: 

1 -5l[7r] - > Wl -^ TT Kl CTi ->■ 1, 

where the kernel 5i [tt] is given by 

‘5i[7r] = Pi ker(/). 

/gHomsp(iv)(a;i,7r) 

On the other hand, there exists a surjective Sp(IF) x 0(F*) x GL(1, F)-homomorphism 

Wi —>■ OJ Kl I • 1^ —^ TT Kl CT Kl I • 1^. 
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Since this map kills Si [tt] , the diagram 

1 




UJi 


TT (Tl 


■ OJ I 


gives a surjective Sp(VF) x 0(1^*) x GL(1, F)-homomorphism 

TT IE CTl — 7 > TT IE CT K I • 1 ^, 

and so that we get a nonzero 0(y*) x GL(1, F)-homomorphism 

(Ti —^ (T 0 I • 1^. 


This implies that 

Homso(yj*)(cri,Indp?^^^ \a E 1)) 

SOf V*) 

is nonzero. Note that the induction Indpo^ ^ '(cr E 1 ) does not depend on the choice of a representative of 
[cr] by Lemma mm- Hence we have 

iraco([c^l])I^J = 

Since ([cri])|Aj = tro'^Tr) by (PI) and A+ C A+, we have 

W|H+ = (troeo([CTl])|^J)|^J = troeo([CTl])|^J, = iraco(M): 

as desired. 


6. Preparations for the proof of (PI) for tempered L-parameters 

Let V = V2m and W = W2n- If SO(P) is quasi-split, we assume that V is type (d, c). To prove (PI) for 
tempered L-parameters, we need to introduce more notation. 

6.1. Haar measures. Let k he a positive integer. As in 92.41 we put 

= W = Y + W + Y* 

with X = Xk, X* = XI C V and Y = Yk, Y* = Y^ C W. Hence dim(y') = 2m' := 2(m -|- k) and 
dim(H') = 2n' ■= 2{n + k). Let P = Pk = MpUp C O(H') and Q = Qk = MqUq C Sp(IT') be the parabolic 
subgroups defined in 92.41 Hence Mp = GL(A) x 0(H) and Mg = GL(y) G Sp(IT). We need to choose 
Haar measures on various groups. In particular, we shall define Haar measures on Up and Uq as follows. 

Recall the symplectic form (•, •) = (•, ■)v' G (•, •)it' on V’ ® W over F, and the maps Ix '■ X* —>• X and 
ly ■ Y* ^ Y. We consider the following spaces and pairings: 

• {x, y) ^ ly^y)) for x, 2/ G H' G P; 

• (a;, y) ^ tlj{{x, lyy)) for x,y &V' ® P*; 

• (a;, y) ^ tjj{{x, lyy)) for a;, y G H G P*; 

• {x,y) ^ i’{(Ix^x,y)) ior x,y € X ‘SiW] 

• {x,y) H> i;{{Ixx,y)) for x,y e X* ^ W; 

• {x, y) i-t lyy)) for x,y & X ®Y*-, 
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• {x, y) ^ ipiilxx, ly^y)) for x, ?/ G X* 0 r; 

• (a;, y) tp{{Ixx, lyy)) for x,y & X* ®Y*. 

On these spaces, we take the self-dual Haar measures with respect to these pairings. Put 

e** = vl®wl + --- +vl®wl€ X* ® Y*. 

• We transfer the Haar measure on H 0 H* to Hom(y,X) via the isomorphism b i—>■ b*e** for b G 
Hom(H,X). 

• We transfer the Haar measure on X* 0 W to Hom(W,H) via the isomorphism b i—>■ b*e** for b G 
Hom(W,y). 

Furthermore: 

• We transfer the Haar measure on X ®Y* to Hom(X*,X) via the isomorphism c i—>■ ce** for c G 
Hom(X*,X). This Haar measure on Hom(X*,X) is self-dual with respect to the pairing (ci,C 2 ) i—>■ 
tjj{{I]^^cie**,IyC2e**)). 

• We take the Haar measure 

k(k-l) 

|2|^ " dc 

on Sym(X*,X), where dc is the self-dual Haar measure with respect to the pairing (ci,C 2 ) i—> 
^{{Ix^Cie**,IyC2e**)). 

• We transfer the Haar measure on X* 0 F to Hom(F*,F) via the isomorphism c i—>■ ce** for c G 
Hom(F*,F). This Haar measure on Hom(F*,F) is self-dual with respect to the pairing (ci,C 2 ) i—>■ 
^{{Ixcie**,ly^c2e**)). 

• We take the Haar measure 

fc(fc-l) 

on Sym(F*,F), where dc is the self-dual Haar measure with respect to the pairing (ci,C 2 ) i—>■ 
^{{IxCie**,Iy^C2e**)). 

Then: 

• We take the Haar measure du = dbdc on Up for u = up{b)up{c) = up{c)up(b) with b G Hom(y,X) 
and c G Sym(X*,X). 

• Similarly, we define the Haar measure on Uq. 

We note the following Fourier inversion formula: 


Lemma 6.1. For if G S{X 0 Y*), we have 


JSym{Y*,Y) \Jnom{X» ,X) 

Proof. The proof is similar to that of [TOl Lemma 7.1]. 


ipixe**)fj{{xe**,c'e**))dx] dc' = [ f{ce**)dc. 

J Jsym{X*,X) 


□ 


6.2. Weil representations. We recall some explicit formulas for the Weil representations. Recall that V' 
and W have decompositions 

= W' = Y + W + Y* 

with 2m = dim(H), 2n = dim(lF), 2m' = dim(H'), 2n' = dim(lF') and k = dim(X) = dim(F). We 
decompose W = Y„ + Y* as in il2.3l We have fixed a non-trivial additive character ip of F. 

Let 'H{W) = IF © F be the associated Heisenberg group, i.e., the multiplication law is given by 

{w, t) ■ {w', t') = + w' ,t + t' + -(w, w')w 

for w,w' G W and t,t' G F. Let p be the Heisenberg representation of 7t(lF) on S(Y*) with the central 
character ip. Namely, 

p{y + y' ,t)‘p{y'i) = + {y'Yy)w + ^{y' ,y)w)F{y'i +y') 


for If G S(Y*), y G Y^, y', y'^ G Y* and t G F. 
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For simplicity, we write: 

• w for the Weil representation of Sp(hF) x 0(y) on a space 5; 

• uj' for the Weil representation of Sp(W) x 0(1^') on a space S'\ 

• uj" for the Weil representation of Sp(W') x O(F') on a space S”. 

We take the Schrodinger model 

s = s{v®y:) 

of u). We take a mixed model 

5' = 5 ® S{X* 0 W) = S{V 0 Y*) 0 S{X* 0 W) 

of uj' , where we regard S' as a space of functions on X* 0 W with values in S. Similarly, we take a mixed 
model 

S" = SiV 0 Y*) 0 5'= S{V' 0 Y*) 0 S{V 0 Y*) 0 S{X* 0 W) 
of uj", where we regard S” as a space of functions on V 0 Y* with values in S'. Also, we write: 

• p for the Heisenberg representation of 'H(H 0 W) on S with the central character tp; 

• p' for the Heisenberg representation of ^{V' 0 W) on S' with the central character ip. 

Lemma 6.2. Let Qn = Mq^Uq^ be the Siegel parabolic subgroup of Sp(bF) stabilizing Y„, and define 
m{a') = mQ^{a') € Mq^ and u(c') = uq^{c') G for a' G GL(y„) and c! G Sym(y^,y„) as in 112.41 
We put I = Iq^ G Hom(y^,y„) and w = wq^ G Sp(bF) as in 112.41 Then for ip G S = S{V 0 and 
X gV ®Y*, we have 

[uj(l,h)ip]{x) = ip{h~^x), h G 0(F), 

[uj{m{a'), l)v5](a:) = xv(det(a'))| det(a')|™(/3(a'*a:), a' G GL(F„), 

[^(^(c'), l)v3](x) ='ip{]^{c'x,x))ip{x), c' G Sym(F„*,y„), 

[uj{w,l)ip\{x) =-iy" f ip{I~~^z)'tp{-{z,x))dz. 

JV^Yn 

Here, dz is the self-dual measure onV ®Yn with respect to the pairing {x,y) i—>■ ip{{y,lQ^x)), and y is a 
Yth root of unity satisfying 'fy = yv(—1). 

Proof. This formula is the Schrodinger model. □ 

Lemma 6.3. The mixed model S{V' 0 Y*) 0 S{V' 0 Y*) of uj" is given as follows: For ip = ipi ® ip' G 
5(F'0F*)0 5(F'0y'„*) and {xi,x') G (F'0F*) x (F'0F„*), we have 

[uj{g,h')pj\{xi,x') = ipi{h'-^xi) ■ [uj' {g,h')ip']{x'), {g,h') G Sp(W) x O(F'), 

[uj{mQ{a'), l)ip\{xi,x') = xy(det(a'))| det(a')|^ ipi{a'*xi) ■ ip'{x'), a' G GL(F), 

[uj{uQ{b'),l)ip\{xi,x') = ipiixi) ■ [p'{b'*Xi,G)ip']{x'), h' G Hom(W,F), 

[uj{uq{c'), l)ip](xi,x') = ip{^{c'xi,xi))ipi{xi) ■ ip'{x'), c' G Sym(F*,r), 

[w(u>Q,l)(/3](a;i,a:') = / ip{Iy^z)pj{-{z,Xx))dz ■ ip'{x'). 

Jv'®Y 

Proof. This formula is obtained by the canonical isomorphism 

S{V' 0 (Y* © Y*)) -G 5(F' 0 F*) 0 S{V' 0 Y*). 

□ 


Lemma 6.4. For ip' = ip 2 ® ip^ G S' = 5(F 0 Y*) ®S{X* 0 W), we have 
[uj'{g,h)ip']{x2,X3) = [uj{g,h)ip2]{x2) ■ ‘P3{g~^X3), 
[uj'{l,mp{a))ip']{x2,X3) = \det{a)\pip2{x2) ■ ip3{a*X3), 

[uj' {l,Up{b))(p']{x2, X3) = [p(b*X3,0)ip2]{x2) ■ ‘P3{X3), 


(5,h)GSp(W)xO(F), 
a G GL(A), 
b G Hom(F, A), 
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[uj' {l,Up{c))(p’]{x2, X3) = 1 p{-(cX 3 ,X 3 ))(p 2 ix 2 ) ■ Vi{x 3 ), 

[uj'{l,Wp)ip'\{X2,X3) = ip2{x2) ■ / (p3{Ix^z)'llj{-{z,X3))dz. 

Jxeow 


c e Sym{X*,X), 


Moreover we have 


1 


[p' {v + Vo + V* ,Q)(p']{x 2 ,X 3 ) = 'lp{{x 3 ,v) + -{v* ,v))[p{vo,Q)'p2]{x2) ' P3{x3 + V*) 
for V € X 'Si W, vq € V SW and v* S X* S W. 

Proof. These formulas are given by the partial Fourier transform 

defined by 


/ 


JX^Y* ' 

[yj 


iov X €V ®Y* and y = yi + y 2 with yi G X* S Yn and 7/2 € X* ® Y*. Here, dz is the self-dual measure on 
X SY* with respect to the pairing {x, y) !->■ 4’{{Ix^x, ly)). □ 


In particular, the map S' ^ p ^ </?(•, 0) £ 5 gives a surjective Sp(VF) x 0(H) x GL(X)-homomorphism 

w' —>■ w 0 I det \ f. 

This fact was used in N5.5I 

By the above lemmas, we get a formula for the mixed model S" = S{V' 0 Y*) SS{V 0 Y *) SS{X* 0 W) 
of w". 


6.3. Normalized intertwining operators. In this subsection, we define normalized intertwining operators 
which are used to describe the local Langlands correspondence. 

As in ^12.41 we define parabolic subgroups P = Pk = MpUp of O(H') and Q = = MqUq of Sp(IH') 

such that 

Mp GL(A) X 0(H), Mq ^ GL(y) x Sp(IH). 

We put P° = PnSO(H') and Mp = A'/pnSO(H') = GL(A) x SO(H). Assume that k is even and dim(H) = 

2m > 4. We identify GL(A) (resp. GL(H)) with GLfe(F) using the basis {ui,... ,Vk} (resp. {u>i,... ,7i’fc})- 
Hence we can define an isomorphism i: GL(H) —>■ GL(A) via these identifications. 

Let T be an irreducible tempered representation of GLfc(P) on a space Vr with a central character ojr- We 
may regard r as a representation of GL(A) or GL(H) via the above identifications. For any s G C, we realize 
the representation Ts := r 0 | det |p on Vr by setting Ts{a)v := | det(a)|pT(a)w for u G Vr and a G GLfe(P). 

Let tr (resp. tt) be an irreducible tempered representation of SO(H) (resp. Sp(IH)) on a space V^ (resp. Vr). 
Assume that a is e-invariant, i.e., there exists d G Irr(0(H)) such that ct|SO(H) = a. We may assume that 
CT is realized on Vo-. We consider the induced representation 

Indp^'^ ^{js 0 d) {resp. Indg^^^ ^ (ts 0 tt)) 

of O(H') (resp. Sp(IH')), which is realized on the space of smooth functions : O(H') —Vr0Vcr (resp. $(,: Sp(bF') 
Vr 0 Vr) such that 

^s{upmp{a)hh') = | det(a)|p^^^T(a)CT(/i)$s(/i') 

{resp. ^',{uQmQ{a')gg') = | det(a')|p'^^‘^T(a')7r(5)$;,(g')) 

for any up £ Up, a € GL(A), h G 0(H) and h' G O(H') (resp. uq G Uq, a' G GL(H), g G Sp(IH) and 
g' G Sp(IH')). By Lemma (151) . we have 

Indp^^ ^(ts 0(t)|SO(H') = Indp?^'^ ^(ts 0 tr). 
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Let Ap (resp. Aq) be the split component of the center of Mp (resp. Mg) andVL(Mp) = Norm(Ap, SO(F'))/Mp 
(resp. W{Mq) = Norm(AQ, Sp(fL'))/MQ) be the relative Weyl group for Mp (resp. Mq). Note that 
W(Mp) = W{Mq) = Z/2Z. We denote by w (resp. w') the non-trivial element in W{Mp) (resp. W{Mq)). 

The definition of the normalized intertwining operators is very subtle because one has to choose the 
following data appropriately: 

• a representative w oi w (resp. w' of w')] 

• a Haar measure on Up (resp. Uq) to define the unnormalized intertwining operator; 

• a normalizing factor 7 (rc, Tg ® a) (resp. 7 (^c^ Tg ® tt)); 

• an intertwining isomorphism Aw (resp. Aw')- 

To do these, we need an N-splitting of SO(y') (resp. Sp(W')). 

Let (B, T) (resp. (S', T')) be the pair of the Borel subgroup and the maximal torus of SO(td') (resp. Sp(lT')) 
as in ^2.21 (resp. il2.3l) . They are F-rational. The Lie algebra of SO(F') (resp. Sp(W')) is given by 

Lie(SO(F')) = {x € End(y') | {xv,v')v' + {v,xv')v' = 0 for any v,v' G V'} 

{resp. Lie(Sp(W')) = {y G End(lT') | {yw,w')w' + {w^yw')w' = 0 for any w,w' G W'}). 

Let Vi, V*, e and e'forfc + l<f<m' — l=m + /c —1 (resp. wj, w* ioi k + 1 < j < n' = n + k) be the 
elements in V (resp. in W) as in ^12.21 Hence 

(e, e)y = 2c, (e', e')v = —2cd, (e,e')v = 0. 

For t GT and t' G T', we define G and a{t), b{t) G F by 

t, = {tv„v*)v', t'j = {t'wj,W*)w' 


and 


te = a{t) ■ e + b{t) ■ e , 
te = b{t)d ■ e + a{t) ■ e . 


Note that a{t)'^ — b{t)'^d = 1. Then the simple roots of T in i? C SO(H') (resp. T' in B' C Sp(lT')) are given 



for 1 < f < m' — 2 and 



Also, we choose root vectors G Lie(Sp(lE')) satisfying 



for 1 < j < n' — 1 and 



We define a splitting splgo(y/) of SO(E') (resp. splgp^,^/) of Sp(W')) by 

SplsO(V") = {B,T,{Xa,.}a.) {rCSp. SplgpfH/') = (F', T', {?/„;}„-)). 


These are F-splittings. 
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Let be the simple coroot corresponding to a,. This is a homomorphism : GL(1) —>■ T of algebraic 
groups, and gives a map 

dai : Lie(GL(l)) = Ga ^ Lie(T) 

of Lie algebras. We put Ha, = (ia^(l) G Lie(T). We take a root vector X-a, of the negative root —a, such 
that 

a*] H,. 

We denote by W{T, SO(F')) the Weyl group of T in SO(y'). Let Wa. G W{T, SO(F')) be the reflection with 
respect to a,. Following the procedure of [Ml §2.1], we take the representative Wa. G SO(G') of Wa. defined 
by 

Wa. = exp(a;„.)exp(-a;_„.)exp(xa.). 

We put Wa^,_j^ ■= Wa+Wa_ = Wa_Wa+ and Wa^,'■= Wa+Wa_ = Wa_Wa+- Similarly, we take the rep¬ 
resentative w'a! of the reflection G 1F(T', Sp(W')) with respect to a',. Moreover, we define Wp^q for 
1 < Pj 9 < w' — 1 by 

Wp^q = WapWa^+i ' ' ' Wa^, _^Wa^i _^Wa^, ' ' Wa^+iWa,- 

Similarly, we define Wp q, Wp^q and Wp q. 

Let wt G VF(T, SO(F')) (resp. w'rp, G W(T', Sp(lF'))) be the representative of w; G W{Mp) (resp. w' G 
W{Mq)) which stabilizes the simple roots of {B fl Mp,T) (resp. {B' fl Mq,T')). It is easily seen that 

WT = Wk,k ■ Wk-i,k ■ ■ ■ iPi.fc [resp. Wp, = w'k^k ' ' ^,fc) 

and this is a reduced decomposition of wt (resp. w'p,). We take a representative w G SO(G') of w (resp. w' G 
Sp(VF') of w') defined by 

w = Wk,k ■ Wk-i,k ■ ■ ■ wi,k [resp. w' = w'k^k ’ 

Then we see that 

w = wp ■ mp{a) ■ (-ly)^ {resp. w' = wq ■ mQ{a') ■ {-Iw)^)^ 
where a G GLfc(F") = GL(X) (resp. a' G GLfe(F) = GL(F)) is given by 


/ 

(_l)W-fe+lA 


/ 

(_l)F-fe+l\ 



{resp. a' = 



V(-ir'c 

} 



) 


We have dehned an F-splitting spl 3 o(y') of SO(y') (resp. splgp^^y,) of Sp(IT')). This splitting determines 
a Ghevalley basis of Lie(SO(y')) (resp. Lie(Sp(VF'))), and hence an invariant F-valued differential form of 
highest degree on Up (resp. Uq). Its absolute value, together with the self-dual Haar measure on F with 
respect to ^/>, gives a Haar measure du'p on Up (resp. du'g on Uq). This is the measure that we take in the 
definition of the unnormalized intertwining operator. 

Lemma 6.5. These measures satisfy 

du'p = |c|p'’^ dup and du'g = dug, 
where dup and dug are the measures defined in >16.11 

Proof. We show this lemma only for du'p. One can prove this for du'q in a similar way. 

Let B = TU be the Borel subgroup of SO(G') defined in >12.21 For t G T, we defined ti G and 
a{t),b{t) G F as above. We put 

(^) — — ti{a{t) ih b{t)'\/d) ^ — tfij. 

Then the set of roots of T in Lie(F) given by 

{aijyfiij I 1 < i < j < m' — 1} U {a^i I 1 < * < w' — 1}. 

Note that = cti and am'-i,± = a± are the simple roots, so that we have defined the root vectors 

Xai_i+i = Xai and Xa^,_^ ^ = Xa±. Moreover we have 

— 0^2 F —1 F fii.j — F ■ 
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We define root vectors Xa,,xp, G Lie(SO(F')) by 

^0(ij — 5 j ] 5 ^Cti,± — [^CKi rn'— 1 ’ ^*^4 ] ’ — [^Q!i,+7 ^Qj,—] • 

Then the basis 

{xoij I l<J<fc<j<m' — 1}U {xa- ^ I 1 < i < A;} U {xp^^ | 1 < * < A;, i < j < m' — 1} 

of Lie(f7p) is a part of a Chevalley basis of Lie(SO(y')). Let , dx/j.} be the dual basis of the linear 

dual of Lie(17p), and put 

LO = {/\dXa,) A {/\dxp,). 

This is an F-valued differential form of highest degree on Up (defined up to a multiplication of ±1). 

On the other hand, we can identify Up with F* as a topological spaces by the map 

Up F',U l-A {{{uVj,V*)v>)l<i<k<j<m'-l, {{ue,V*)v’, {ue ,V*)v')l<r<k, i{uV*,V*)v>)l<i<k,i<j<m'-l), 

where 

I = dim({7p) = 2km — — —k. 

This gives an F-valued differential form ujq of highest degree on Up. Then we have 

Let dx be the self-dual Haar measure on F with respect to i/;. We put Up{of) to be the subset of Up 
corresponding to via the above identification Up = FK Then the measure du'p on Up is defined by 

vol(f7p(op), dup) = I ± (2-\/d)“^c^’=i^™ |pvol(op, da:)^ 

On the other hand, the measure dup defined in 116.II satisfies 

vol(C/p(op),dup) = |(2c-\/d)“^|pvol(op,dx)^ 

Since 

k -I- — 1 — i) = A: fm' — = kpp, 

i=l ^ ' 

we have 

dup = ^ ^^dup = |c|^^^dMp, 

as desired. □ 


We define unnormalized intertwining operators 

M(w, Ts®d-)-. Indp^'^ \ts O ct) —^ Indp^'^ \w{ts O ct)), 

M.{w', Ts O tt) : Indg^^^ \ts 0 tt) —>■ Indg^^^ \w'{ts 0 tt)) 
by (the meromorphic continuations of) the integrals 

M.{w,Ts®'d)^s{h') = \c\^p’" f ^s{w~^uph')dup, 

Jup 

M{w',Ts®n)<^'^[g') = / <^'^(w'~'^UQg')duQ, 

JUq 

where w{ts 0 ct) (resp. w'{ts 0 tt)) is the representation of Mp on Vt 0 Va (resp. Mq on Vt 0 V,r) given 
by w(ts 0 d)(rnp) = {ts 0 d){w~^mpw) for mp G Mp (resp. w'{ts 0 TT)(rnQ) = (ts 0 '!T){w'~^mQw') for 
mg G Mq). Since a is £-invariant, by Lemma [2.31 ([ 3|). the operator M.{w,Ta 0 ct) gives an operator 

Miw, Ts 0 cr): Indp?^^ ^(r^ 0 cr) —^ Indp?^^ \w{ts 0 a)). 
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Following [21 §2.3], we use the normalizing factors r{w,Ts 0 a) and r(w',T s ® tt) defined as follows. Let 
(pr, pa and pTT be the representations of WDp corresponding to r, [cr] and tt, respectively. Then we define 
r{w, Tg ® cr) and r(w', Tg ® tt) by 


r{w,Tg i^a) = X{E/F,ip)'" 
r{w' ,Tg 0 tt) = 


L{s,pr 0 P'^) 


L{-2s, (A 2 )^ o P^) 


s{s,pr 0 p'^,pj)L{l +S,pr<^ p'i) e(-2s, (A 2 )^ O pr,p)L{l - 2s, (A 2 )^ O p^)' 
L{s,pr®p'p,) L{-2 s,{A 2)'^ O p^) 


e{s, pT 0 p'i,'p)L(l + s,pT® p'i) e{-2s, (A 2 )^ o pr,'p)L{l - 2s, (A 2 )'^ o pr) ’ 


where A 2 is the representation of GLfc(C) on the space of skew-symmetric (fc, fc)-matrices, and X{E/F,p) is 
the Langlands A-factor associated to E = F{\fd). Note that X{E/F,'p)‘^ = uje/f{—^) = Xv(“l)- Then the 
normalized intertwining operators 


TZ{w,Ts (Si a) '■= r{w,Ts (Si a) ^M{w,Tg (S cr), 
TZ{w' , Tg 0 tt) := r{w',Tg 0 Tr)~^M{w', Tg 0 tt) 


are holomorphic at s = 0 by [H Proposition 2.3.1]. 

Now assume that w{t 0 cr) = r 0 cr and w'(t 0 tt) = r 0 tt, which is equivalent to = r. We take the 
unique isomorphism 

•Auj ■ Vr 0 V(7 —^ Vr 0 Vo- 

such that: 

• Aw o w{t 0 cr)[m) = (r 0 cr){m) o Aw for any m G Mp; 

• Aw = A'w 0 lv„ with an isomorphism A'w : Vt —>■ Vr such that A o A'w = A. Here A: Vt —>■ C is the 
unique (up to a scalar) Whittaker functional with respect to the Whittaker datum {Bk,pUk)j where 
Bk is the Borel subgroup consisting of upper triangular matrices in GLfe(F) and puj, is tbe generic 
character of the unipotent radical Uk of Bk given by pUki^) = P{xi ,2 + • • • + Xk-i,k)- 

Similarly, we take the unique isomorphism 


Aw ' ■ Vr 0 Vtt —^ Vr 0 Vtt . 


We define self-intertwining operators 

R{w,t 0 cr): Indp°^^ ^(ts 0 cr) —Indp?^^ ^(ts 0 cr), 

R{w', T 0 tt) : Indg^^'^ ^(ts 0 tt) —Indg^^'^ \ts 0 tt) 

by 

i?(w,T 0 a)^g{h') = Aw{R{w,t ® cr)$s(h')), 

R{w',t® TT)^'g{g') = Aw’iR-iw',T ® 7r)$(,(g')) 

for G Ind®°(^'^(T« 0 a), G IndQP^'^'^(T, 0 tt), E G SO(V') and g' G Sp(W'). 

Put pa' = pr + pa + pp £ $temp(SO(V')) (rosp. p^,' = pr + pn + PP G $temp(Sp(TV')))• We take [cr'] G 
(resp. tt' G ) such that cr' C Indp?^^ ^(r 0 cr) (resp. tt' C Indg^^’^ \t (S tt)). Let Wc (resp. toO be the 
Whittaker datum of SO(V') (resp. Sp(lV')) defined in ^2.21 Note that lUc (resp. tuO is given by the splitting 
splgQ^y/) (resp. splgp(^^g) and the non-trivial additive character p we have fixed. The intertwining operators 
and the local Langlands correspondence are related as follows: 


Proposition 6.6. Suppose that pr is a tempered orthogonal representation of WDp with even dimension k. 
Let T be the irreducible representation of GLk[F) associated to pr- 

(1) Put pa' = pr + pa + PP ■ Assumc that 

• SO(V) is quasi-split and V is type {d,c); 

• dim(V) = 2m > 4; 

• pa & 4)temp(SO(V)) is s-invariant. 
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Let a G ^ he the element given by w, so that (j)r = . Then for a € Hc/)^ and a' € with 

cr' C Indp?*''^ \t 0 O'), we have 

R{w,t^ o)\o' = tro„([cr'])(a). 

(2) Put (j)Tr' = 4 >t + 4>Tr + 4 >t ■ Let a' G ^ be the element given by w', so that cfr = </)“,. Then for 
TT £ and tt' £ with tt' C ^(r 0 tt), we have 

R{w', T ® 7r)|7r' = (7r')(a'). 

Proof. This follows from Theorem 2.2.1 and Theorem 2.4.1 in [2]. □ 

The assumption (NQ) in 21 is that Proposition 16.61 (1) holds for some c £ even if SO(P) is not 
quasi-split. We emphasize that k is even. 

6.4. Zeta integrals of Godement—Jacquet. In this subsection, we review the theory of local factors for 
GL(fc) developed by Godement-Jacquet [l5] . 

Let T be an irreducible smooth representation of GLfc(F) on a space Vr with a central character ujr- We 
write 

L{s,t) = L{s,(I)t) and e(s, r, V') = e(s, </'r > l/’) 

for the standard L-factor and e-factor of r, where tpr is the fc-dimensional representation of WDp associated 
to T. Then the standard y-factor of r is defined by 

j(s, T, = e(s, T, Ip) ■ ^ 

L(s,t) 

For s £ C, $ £ iS(Mi;(F)) and a matrix coefficient / of r, we put 

Z{s,<^,f)=[ 4>(o)/(a)| det(a)|pda. 

JGLfc(F) 

This integral is absolutely convergent for Re(s) ^ 0 and admits a meromorphic continuation to C. Moreover, 
the quotient 

Z{s + ^,^,f) 

L{s,t) 

is an entire function of s. 


Lemma 6.7. // r is tempered, then Z(s,^,f) is absolutely convergent for Ke{s) > {k — l)/2. 


Proof. Put t = Re(s) > {k — l)/2. Fix a uniformizer w oi F and put 


t{a) 


V 


j G GLfc(F) 


for a = (ai,...,a/c) £ if. Let B be the Borel subgroup of G = GLk{F) consisting of upper triangular 
matrices, and put K = GLfc(oF)- We denote the modulus character of B hy Sb. Then we have 

_ ^-(fc-l)ai^-(fe-3)a2 . . , ^(/c-l)afc^ 

F 


Ssitia)) = 


Since F is non-archimedean, the integral formula 


'GLfc(F) 


^’(5)/(ff)|det(5)|^ 


da 


= Ai(i(a)) 


|4>(fcit(a)fc2)| • \ f{kit{a)k2)\ ■ \det{kit{a)k2)\Fdkidk2 


ai<---<afc 


>KxK 


holds for some p{t{a)) > 0. Moreover, there exists a positive constant Aq such that pi{t(a)) < Aq ■ SB{t{a)) 
for a = (oi,..., Ok) £ with oi < • • • < Ofc (see, e.g., [311 P- 149 ]). 
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We define the height function a{g) of G by 

<7(5) = max^ (log|g,j|F,log|(5"^)ij|E)- 

Harish-Chandra’s spherical function H!(^) of G is given by 

S(ff) = / ho{kg)dk, 

JK 

where ho £ Ind^(l) is the function whose restriction to K is identically equal to 1. Note that S is a matrix 
coefficient of the tempered representation Ind^(l), and is bi-hf-invariant. It is known that there exist positive 
constants Ai, A 2 such that 

S(t(a)) < Ai ■ ■ (1 + cr(t(a)))^= 

for a = (oi,... ,ak) £ with ai < • • • < Ofc (see, e.g., [ 32 l p.l54, Theorem 4.2.1]). Since r is tempered, any 
matrix coefficient f oi t satisfies 

1 /( 5 )! < Bi ■ E{g) ■ {1 + a{g))^^ 
for some positive constants Bi and B 2 . 

Since a{kigk 2 ) = <j{g) for ki,k 2 & K and g € G, we conclude that there are positive constants Ci and C 2 
such that 


^(5)/(5)|det(g)|) 


da 


JGLfc(F) 

= Ci- (5]/^(t(a))(l+ cr(t(a)))'^"|det(t(a))| 


JkxK 


We choose e > 0 such that {k — l)/2 — t + C' 2 e < 0. Note that $ has a compact support in Mfe(F), and so 
does the function 

Mk{F) B X / \^{kixk2)\dkidk2. 

JkxK 

This implies that there are constants M > 0 and r > 0 such that 


/GLfc(F) 


$(g)/( 5 )|det(g)|) 


da 


= M- Y +c^(^(a)))‘^1det(t(a))|^ 

— r<oi<-"<afe 

= M ■ Y^ g“i(-(fe-l)/2-i)qa2(-(fc-3)/2-t) _ _ _ ^ak({k-l)/2-t) _|_ fj(t(a)))‘"^ . 

— r<ai<-"<afc 

To see the convergence of this sum, we only consider the sum over ak > r > —op. Then we have 

a(t(a)) =log(<z“^). 

Moreover, we may assume that if ak > r, then 1 + log((;“'') < . In this case, the sum over ak > r > —oi 

is bounded by 

M . Y^ {ak + r + 1)*^“^ • . . . q-r{{k-3)/2-t) _ ^afc((fc-l)/2-t+C2£)_ 

ak>r 


This sum converges since t+C' 2 £ ^ i 


□ 


Let $ £ S(Mk(B)) be the Fourier transform of $ defined by 

$(a:) = / ^(y)'ip(tr(xy))dg, 

•tMfc(F) 
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where dy is the self-dual Haar measure on Mk{F) with respect to the pairing {x,y) i—> il^itilxy)). Let / be 
the matrix coefficient of given by /(a) = Then the local functional equation asserts that 






= l{s,T,'tp) ■ Z 



k-l 

2 



7. Proof of (PI) for tempered L-parameters 


Now we can begin the proof of (PI) for tempered L-parameters. This will be proven by an explicit 
construction of an equivariant map which realizes the theta correspondence. Let V = V 2 m and W = W 2 n- 
In this section, we put m = n + 1. Assume that n > 1 so that dim(P) = 2m > 4. 

7.1. Construction of equivariant maps. We put 

W = X-tP-fA:*, W = Y + W + Y* 

with dim(Ar) = dim(F) = k. Assume that k is even. Using the basis {ui,..., Vk} of X (resp. {wi,..., Wk} of 
P), we identify GL(Ar) (resp. GL(P)) with GLfc(F). Hence we can define an isomorphism i: GL(P) —>■ GL(Ar) 
via these identifications. Put 


e = vi Z> wl + ■ ■ ■ + Vk 'Zi wl G X iZi Y*, e* = Z> wi + ■ ■ ■ + vl Z> Wk G X* Z> Y. 

Then we have i(o)e = a*e and i(o)*e* = ae* for a G GL(P). 

Recall that W = Yn + Y*. For (p G S" = 5(U' 0 Y*) 0 S{V 0 P^) G S{X* 0 IP), we define maps 

fip), f{p ): Sp(lP') X O(P') ^ 5(P G P;) 
by 

[f{p){g\h')]{xo) = [a;"(g',h')^]((oj ,xo,0), 


[h‘^){ 9 ',h')]{xo) = / [uj{g' ,h')p]{ \ 0 ,xo,Q)tjj{{z,e*))dz 


IX®Y* 




for g' G Sp(IP') and h' G O(P'). Here, we write an element in V' 0 P* as a block matrix 


' Xi 

X2 


with Xi G X ^ Y*, X 2 G V Y* and 0:3 G X* 0 P*. 


Lemma 7.1. For f = f{ip) or f = f{p), we have 

f{uQg', uph') = f{g', h'), up G Up, uq G Uq, 

f{gg', hh') = iv{g, h)f{g', h'), h G 0(P), g G Sp(IP), 

f{mQ{a)g',mp{i{a))h') = xv(det(a))| det(a)|^^’^^‘^/(g', h'), aG GL(P). 

Proof. This follows from Lemmas 16.2116.31 and 16.41 □ 


Let T be an irreducible (unitary) tempered representation of GLfe(P) on a space Vt- We may regard t 
as a representation of GL(Ar) or GL(P) via the above identifications. Let tt and a be irreducible tempered 
representations of Sp(IP) and 0(P) on spaces Vjr and V 5 , respectively. Fix nonzero invariant non-degenerate 
bilinear forms (•, •) on Vr x Vrv, x Vt^v and V 5 x V^v. Let 

(•,•): (V.GVjv) X V.v ^ Vsv 

be the induced map. 

Now we assume that 

O' = 0V’Pw('^)- 
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We fix a nonzero Sp(W) x 0(y)-equivariant map 

T: w (8) tt. 

For (fi G S" = S(y' 0 Y*) 0 5(1/ 0 0 S{X* 0 IF), <i>s G Indp^^ \ts 0 g' G Sp(VF'), it G V^-v, and 

vq G Vt^v , we put 

{Ts{'f,<^s){g'),v(^vo) = L{s,t)-'^ ■ [ {T{f{'f){g',h'),{^s{h'),v)),vo)dh'. 

JUpOiV)\0{V') 

Note that {^sih'),v) G V^v. 

Proposition 7.2. IFe have the following: 

(1) The integral (Ts{<p,^s)ig'),v 'Sivo) absolutely convergent for Iie{s) > 0 and admits a holomorphic 
continuation to C. 

(2) For Re(s) < 1, we have 

{Ts{(p,<^s){g'),v<^vo) = F(s,t)“^7(s,t,i/')"^ • [ {T{f{(p){g',h'),{<^s{h'),v)),vo)dh'. 

JUpO{V)\0(V') 

(3) The map 

Ts'- vj" ® Indp*-^ \ts 0 Indg^^'^ \tsXv <8) tt) 

is Sp(lF') X 0(y')-equivariant. 

(4) For $ G Indp^^ \t 0 with $ 7 ^ 0, there exists ip G to" such that 

ro((^,$) 7 / 0 . 

Proof. The proof is similar to those of Lemma 8.1, 8.2 and 8.3 in [10]. □ 


7.2. Compatibilities with intertwining operators. Now we shall explain a key property of the equivari- 
ant map we have constructed. 

We have assumed that k = dim(X) = dim(F) is even and dim(t/) = 2(n + 1) > 4. Let w G W{Mp) and 
w' G W{Mq) be the non-trivial elements in the relative Weyl groups. As in ^6.31 we take the representatives 
w G SO(l/') of w and w' G Sp(ll/') of w' defined by 

w = wp ■ mpiy—c ■ a) and w'= wq ■ mq^a), 

where a G GLfc(F) = GL(A) = GL(y) is defined by 

/ (-l)"+'\ 

V(- 1 )"+" / 

We fix r, tt and a = 0^,v,w('t) 7 / 0. We shall write 

M.[w,s) = M.['w,Ts and M.{w',s) = M.{w',T sXv ® 

for the unnormalized intertwining operators, which are defined by the integrals 

M.{w,s)^s{h') = \c\^p’" f ^e{w~^uph')dup, 

Jup 


for <i)s G Ind' 


o(y')/ 


M{w', s)<P'^{g') = [ ^UQg')duQ 

Juq 

t'^) and d)), G Indg^^^ \tsXv ® t^)- By the Howe duality, the diagram 
to" 0 Indp^'^ 0 (T^) —Indg’^'^ ^{PsXy 0 tt) 

l(S>A1(iu,s) Ai{w',s) 

uj" 0 Indp^^ ^(ro(Ts < 8 ) ct^)) 


Indg"^^ \w'{tsXv ® tt)) 


commutes up to a scalar. The following proposition determines this constant of proportionality explicitly. 
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Proposition 7.3. For ip € lo" and $s G Indp^^ \ts 0 cr^), we have 

M{w',s)Ts{p,<^s) = 0 Jr{c) ■ |c|p • 7 ^^" • L(s,T)"^L(-s,r^)7(-s,T^,'!/’) • T-s{p,M{w,s)<^s)- 
Proof. The proof is similar to that of [101 Proposition 8.4]. □ 

Corollary 7.4. For p G ui" and 4>s G Indp*-'^ \ts 0 we have 

TZ{w',TsXv ® T^)Tsiip,^s) = Wr(c) • a(s) • T-s{p,'JI{w,Ts (8) CT^)$s), 

where 

ks e{-s,T'^,ip) 


y{s) = 


e{s,T,ip) 


In particular, if t = , then a(0) = 1 and 


R{w', TXv <8) 7 r) 7 o(<p, 4 *) = uJric) ■ To{p, R{w, r ® cr^)$) 


for $ G Indp^'^ ^ (r (8 cr'^). 


Proof. Let 4>it and (fa be the representations of WDp corresponding to r, tt and [cr], respectively. Here 
we put a ■= cr|SO(H). Note that a is irreducible. By Proposition 17.31 we have 

I ifc^i r{w,Ts®a'^) _k L{-s,t'^) ^ 

a(s) = |c|f •-r8- ■—n -^ • 7(-s,'r ,'0)- 


^ r{w',TsXv 
Since (fa = <8 Xv) ® 1, we have 


Moreover, we have 
Hence we have 


L(s,t) 

(fr®(f'i = {(fr 8 Xv) ®(f'i® (fr- 

Af O {(fa 8 Xv) = A 2 0(fr. 


r{w,Ts 8 cr'^) 


= A(E/F,^)^ 


L{s,(fr) 


r(w',TsXy 8 tt) ’ e{s,(fT,if)L{l + s,(fTy 

Note that X{E/ F,if)^Xv^ = 1 since k is even and \{E/F,if)'^ = 7 ^ = l). Recall that 


7 (-S,T^,- 0 ) = 


e{-s,T'^ ,'if)L{l + s,t) 
L{-s,t'^) 


Therefore, we have 


X I ,ks e{-s,T^,tf) 
a(s) = jcjp 


£(s,T,lf) 

Assume that t = . By definition of w and w', the action of w on GL(A) G Alp coincides with that of w' 

on GL(y) C Mq via the identification i: GL(y) —?> GL(A). This implies that v4]„ = as C-isomorphisms 
on Vt- Hence the last equation holds. □ 


7.3. Completion of the proof. We set W = W 2 n and V = V 2 n+ 2 - We assume that V is type (d, c) if 
SO(y) is quasi-split. Fix cq G F^ . Let (f^^ G $temp(Sp(hF)) and a G be an arbitrary element. Write 
(f^ = (fa ® Xv and put 

(f^r' = (</>“) ©(/-TT © (<f‘‘)'^. 

Note that the canonical injection Aj ^ Aj ^ is bijective. Let t G Irr(GLfe(F)) be the representation 
corresponding to cfr- Here, k = dim((/)T-) is an even integer. Let tt G H^^ be an irreducible tempered 
representation of Sp(VF) with the associated character 77.^. = (tt) G Aj^. Then tt' := Indg’^^ \txv 8 tt) 
is irreducible. Moreover, tt' G H,/,^, and the associated character ? 7 ,r' = (tt') G AJ ^ satishes that 
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Now, we assume that 

O’ = ^ 0. 

If we put a := cr|SO(y), then a is irreducible and [cr] € with 

(t>a = {(t>7v 0 Xv) © 1 G itemp(SO(y)). 

Since 4>a- contains (j)r, the induced representation a' = Indp^^ ^(r © 5) is irreducible. Put cr' := ?'|SO(y'). 
This is irreducible and we have [cr'] G , with 

(j)^, = © (^^ © © xv) © 1 G $temp(SO(y')). 

Note that the canonical injection ^ ^ is bijective. The associated characters r]a = rro^^([cr]) G 

and 77 ct' = trocp ([o’D G A'^ ^ satisfy that 

We need to show that rja{a') = rjjria), where a' G A'^ is the element corresponding to (j)r- This equation is 
equivalent to ri^i{a') = First, we have the following: 

Lemma 7.5. We have 

im;(7r')(a) = w^(c) • troe([cr'])(a'). 

Proof. Choose $ G = Indp*’'^ \t © ct^) with $ 7 ^ 0. By Proposition 17.21 (|4|). there is G w" such that 
To{ip, $) 0. Note that Toi<p, $) G Indg^^'^ \txv © n) = A. By Corollary 17.41 we have 

i?(u;', TXv ® $) = u}r[c) ■ To{(p, R{w, T © 

Note that = 5 and ct'^ = 5', and we regard $ as an element in cr' = a'|SO(t7). Since R{w' ,txv ®t^)W = 
and R{w,t © cr)|cr' = troc([o’'])(a') by Proposition EUl we have 

$) = ujr{c) ■ To{ip, troe(M)(a')^)- 

This shows the desired equation. □ 

However, by Proposition 13.II and 13.21 we know that 

- / \ = = det(0^ © Xy)(co ) = ^Aco ) 

and 

= Vco(o') = det(<^^)(c/co) = Wr(c/co). 

\)\^ ) 

Since = 1, we have 

via) = uJr{co) ■ im[iA)ia) = ujricoc) ■ Croe(M)(a') = v'ia) 
as desired. Since a G is arbitrary, this completes the proof of (PI) for tempered L-parameters. 

Appendix A. Transfer factors 

In this appendix, we recall the transfer factors and explain the expectations in the local Langlands corre¬ 
spondence. More precisely, see [20], [24], [26]. Comparing the transfer factors of pure inner twists, we prove 
Proposition 13.11 and 13.21 

For simplicity, we let F be a non-archimedean local field of characteristic zero. 
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A.l. Endoscopic data. Let G be a quasi-split connected reductive group over F. An endoscopic datum for 
G is a tuple {FI,71,3,7]), where 

• iJ is a quasi-split connected reductive group defined over F ; 

• "H is a split extension of by H; 

• s G G is a semi-simple element; 

• 77 : "H ^ ^G is an L-embedding 
such that 

(1) the homomorphism Wp —>■ Out(iL) given by 77. is identified with the homomorphism Wp —>■ Out(id) 
provided by the rational structure of H via the natural isomorphism Out(iL) = Out(H); 

(2) r,{H) = G° = Cent{s,G)°-, 

(3) a certain condition of s and 

An isomorphism from {H,7i, s,r]) to another such tuple {H',7i', s',rj') is an element g G G such that 

( 1 ) gv{7i)g-^ = ri'{7i');^ 

(2) gsg~^ = s' mod Z{G). 

Given an endoscopic datum {FI, 77,8,1]) of G, we may replace it by an isomorphic one and assume that 
sGi]{Z{H)^). 

Let (j): WDp —>• ^G be an L-parameter of G. We put S'^ = Cent(Im(^), G). For a semi-simple element 
s G 5 ' 0 , there exists an endoscopic datum {H,77, s,r]) for G such that 

• H = Gt-, 

• 77 = H ■ (j){Wp)-, 

• T]'. 77 ^ ^G is the natural embedding. 

Then we call {H,77,s,r]) an endoscopic datum associated to s G Note that s G Z{H)^ and lm(0) C 77. 

It is not always true that 77 = ^H. So we take a z-pair 3 = {H^,rj^) for e = {H, 77, s, rj). We recall that 
is an extension of H by an induced torus and i]^: 77 ^ is an L-embedding such that the diagram 

77 

I I 

H -^ H, 

is commutative, where the bottom arrow is the embedding H H^, which is the dual to the surjection 
=>■ H. If e is an endoscopic datum associated to s € for some tempered L-parameter of G, then we 
obtain a tempered L-parameter <j>^ = 773 o ^ of idj. 

A.2. Transfer factors of pure inner twists. Recall that a pure inner twist of G is a triple {G','tp,z), 
where 

• G' is a connected reductive algebraic group over F ; 

• ■(/>: G —>■ G' is an isomorphism over F; 

• z€ Z\F,G) 

such that o a{'ilj) = Ad( 2 :cr) for ct G F = Gal(L/L'). Then we call G' a pure inner form of G. 

Let {Gij-ipi, zi) and {G 2 ,'ip 2 , Z 2 ) be two pure inner twists of G. An isomorphism from {Gi,'ipi, Zi) to 
(G 2 , 7 /> 2 , 22 ) is a pair {f,g), where /: Gi —>■ G 2 is an isomorphism over F and g G G{F) such that Z 2,<7 = 
gzi,aO'{g~^) and the diagram 

G Gi 

Ad(g) 

G G 2 

is commutative. It is known that there exists a canonical bijection 

{isomorphism classes of pure inner twists of G} —>■ H^{F, G), 


f 
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Let e = {H, H, s, ry) be an endoscopic datum for G and 3 = be a z-pair for e. We may assume that 

r]~^{s) G Z{H)^, and identify s with ry“^(s). Then for an inner twist (G'^ip) of G, these data give a relative 
transfer factor of G', which is a function 

A[e,3,V’]: H,^G-sr{F) x G',(F) x H,,G-sr{F) x G',(F) ^ C. 

See [26l §3.7]. We also write A[c, 3 ] = A[e, 3 ,id]. Here, G'j, is the set of strongly regular semi-simple elements 
of G'. We explain H^^c-sr- Fix pairs {B,T) of G, {B,T) of G, {Bh,Th) of F[ and {Bh,Th) of H, where by 
a pair we mean a tuple of a Borel subgroup and a maximal torus contained in it. Assume that r]{BH) C B 
and rjiFu) = F■ Then we have an isomorphism 

Th^Th ^T = f, 


and so that we get an isomorphism rj*: Th T over F. Now we assume that Th is F-rational. Since 
a{ri*) o is given by an element in the Weyl group of T in G, by Steinberg’s theorem, there exists 

g G Gsc(F) such that cr(g)g~^ normalizes T and induces <T{g*) o Then 

^ := Ad(g“^) or]*:TH^ 9~^Tg 


is an isomorphism over F. Such an A-isomorphism ^: Th T' := g~^Tg is called an admissible embedding 
of Th in G. For h G Th, the element ^{h) is called an image of ft., and the elements ft and ^(ft) are said to be 
related. The set H^^g-st consists of the preimages in iLj of those elements of F[ that are related to elements 
of Gsr. 

An absolute transfer factor of G is a function A[e, 3 ]abs: H^ g-st x Ggr —t C such that this is nonzero for 
any pair ( 73 ,( 5 ) of related elements, and satisfies 


A[e,3](73.<5,7^<5') 


A[e, 3]abs(73) 
A[e,3]abs(7^<5') 


for any two pairs ( 73 , and ( 73 , <5') of related elements. This is not unique. By choosing a Whittaker datum 
to for G, we obtain a normalization A[e, 3 , to] of the absolute transfer factor of G. See [24l §5.3]. 

Using A[e, 3 ,rD], we define a transfer factor A[e, 3 , ?/(, z, to] of a pure inner twist {G',ip,z) of G. Let 6' G 
G(j.(F) and 73 G B^{F) be related elements. We denote by 7 S T[{F) the image of 73 under the map — >• H. 
By [211 Corollary 2.2], there exists S G Gsr(F) such that and 5 are G(F)-conjugate. We put 


T = Gs = Cent((5, G) and S = = Cent( 7 , H). 


We take g G G{F) such that 


V' ^{^')=95g 


It is easily seen that 

[a g~^z„a{g)] G Z^{F,T) 

and the class of this element in H^{F,T) is independent of the choice of g. We denote this class by inv((5, S'). 
Since Ad{g~^Za-a{g)) is identity on T, we see that ijj o Ad(( 7 ) gives an A-isomorphism 


T = Cent((5, G) ^ T' = Cent((5', G'). 

This implies that 73 and 6 are related. Hence, there exists a unique admissible embedding 


: S^TCG 

such that 4>j,s{'y) = S. We denote by s-y^s G T^ the image of s under the map 

Z{H)^ ^ fr, 

where the last map is induced by 4>~\- Let 

{■,■): H\F,T)x7ro{f^)^ 

be the Tate-Nakayama pairing. Then we define A[e, 3 ,'0, .z, to] by 

A[e,3,V',2,n3](7a,'5') = A[e,3,lu](73,(5) • (inv((5,ft'), 
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By [2Ql Proposition 5.6], this value does not depend on the choice of (5, and the function A[e, 3 , is an 

absolute transfer factor of G". 

A. 3. Expectations in the local Langlands correspondence. Let G be a quasi-split connected reductive 
algebraic group over F. The Vogan L-packets treat representations of all pure inner forms of G simultaneously. 
A representation of a pure inner twist of G is a tuple z,Tr'), where (G','tp,z) is a pure inner twist of 

G and tt' is an admissible representation of G'(F). Two representations (Gi, zi, tti) and {G2,'4’2, Z 2 ,'^ 2 ) 
are isomorphic if there exists an isomorphism {f,g): (Gi, ■i/'i, zi) —>■ {G2,'4’2, Z 2 ) of pure inner twists such 
that 7 r 2 o / and tti are isomorphic. By EQI §5.1], two representations (Gi, ■i/'i, zi, tti) and zi,Tr[) 

of the same pure inner twist are isomorphic if and only if tti and are isomorphic in the usual sense as 
representations of Gi(F). We denote by ntemp(G) the set of isomorphism classes of irreducible admissible 
tempered representations of pure inner twists of G. Let (/, g): (Gi,'0i, zi, tti) —>■ (G 2 ,' 02 ,-^ 2 , 7 J‘ 2 ) be an 
isomorphism and 0,^; be the Harich-Chandra character of tt^ for i = 1,2. Then / transports to 0,ri. 
Hence, for an isomorphism class tti = (Gi, 0i, Zi, tti), we obtain a distribution 0,v- 

Fix a Whittaker datum to for G. Given a tempered L-parameter 0: WDp —>• ^G, we put = 
Cent(lm(0), G). We expect that there exist a finite subset H^ C ntemp(G) and a bijection tn, : H^ —>• 
lrr( 7 ro(S' 0 )) such that the diagram 

lrr(7ro(5'0)) 

1 1 

H^iF,G) -^ MZ{Gf)° 

is commutative, where the bottom arrow is the Kottwitz map, the right arrow sends each irreducible repre¬ 
sentation to (the restriction of) its central character, and the left arrow is given by (G', 0, z, tt') >->• [z]. Also, 
we expect that H^ contains a unique element tt = (G, id, 1, tt) such that tt is to-generic and that is the 

trivial character of 

Given tt = (G', 0 ,z, 7 r') S H^, we write (s,'k)„ = tr(trD(■J t)(s)) for s € TrQ{S^). We expect that for a fixed 
pure inner twist (0, z): G —> G', the virtual character 

^ 00 ,^-,. = e(G') ^ (l,^)„-0^ 

7ri-0-[2:] 

is a stable function on G'{F) and is independent of to, where e(G') G {±1} is the sign defined in [32]. It is 
known that e(G') = 1 if G' is quasi-split. For any semi-simple element s G S^, we put 

= e(G') 

TTI—>-[z] 

Let e = {11,%, s, rf) be an endoscopic datum associated to s G 5'^. For simplicity, we assume that % — ^H. 
Then we may take the z-pair 3 = (iLj, rj^) = {H, id) for e. Let 0j be the L-parameter for F[^ = F[ given by 0. 
Let /' and / be smooth compactly supported functions on H{F) and G'{F), respectively. For 7 G Hsr{F) 
and S' G G'r(L), we put 

oMi = [ r{h-^jh)dh, 

Os'{f)=[ fig-^S'g)dg, 

dG0(F)\G'(E) 

where we put = Gent( 7 , H) and G'g, = Gent((5', G'). We also define 

so^in = Y,oyin, 

1 ' 
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where 7 ' runs over a set of representatives for the i/(F)-conjugacy classes in the i?(F)-conjugacy class of 7 . 
More precisely, see [Ml §5-5]. We say that / and /' have A[e, 3 ,-0, 0 , to]-matching orbital integrals if 

S' 

for any 7 G Hq-si- Here, the sum is taken over a set of representatives for the G'(F)-conjugacy classes of 
S' G G'{F) such that <5' and 7 are related. Finally, if /' and / have A[e, 3 , -0, z, luj-matching orbital integrals, 
then we expect that 

A. 4 . Changing base points. Let (^, 0 ): G —>■ G' be a pure inner twist. In contrast to inner twists, it may 
occur that G' is also quasi-split over F even if (-0, z) is non-trivial. Then we have the following: 


Lemma A.l. There exists a bijection 

■ Htemp(G) ntemp(G ), 

(Gl,'!/'l,-2l,7ri) (Gl,?/'! o 

Proof. Easy. □ 


We denote the center of G by Z. Let {if', z'): G — >■ G' be a pure inner twist such that both G and G' are 
quasi-split. Then the cohomology class [z'] G H^{F,G) is killed under the map 

h\f,g)^hHf,g,a). 

Hence there exists z € Z^{F, Z) such that [z] = [z'] in H^{F, G). Then {if', z') \ G —>■ G' is isomorphic to the 
pure inner twist 

(id, z):G^G. 

In particular, we see that G and G' are isomorphic over F, and so that we may identify ^G with ^G'. Let 
cf: WDp —^G be a tempered L-parameter of G. We may regard (f as an L-parameter of G'. We denote 
this L-parameter of G' by </>', i.e., 

(f': WDf ^^G = ^G'. 

Then we should obtain two finite subsets H^ C ntemp(G) and H^/ C ntemp(G'). 


Question A.2. (I) Does J^,z(n 0 ) coincide with H^/? 

(2) If so, what is the map 

H^/ Irr(7ro(S'0/)) = Irr(7ro(5'0)) 


Irr(7ro(5'0)) 


H 


4> 


for Whittaker data to and tu' of G and G', respectively? 

In this subsection, we give an answer of this question when z G Z^{F, Z) and if = id. 

Proposition A. 3. Fix z G Z^{F, Z). Let z = {H,TL, s,ri) be an endoscopic datum, ], = be a z-pair for 

e and to fee a Whittaker datum of G. For a pure inner twist {ifi, Zi) : G —>■ Gi, we put Ai = A[e, 3 , lfl,Zi,P3\ 
and A( = A[e, 3 , ziz“^, to]. Then there exists a = Q;[e, 3 , ^ 1 , zi, z, to] G such that 

= a ■ Ai(73 ,5 i). 

for 73 e i? 3 ,G-sr and di S Gi,sr- 

Proof. Since the relative transfer factor A[e, 3 ,' 0 i] of Gi is independent of both zi and ziz“^, we have 


A'l (73,^1 




7 ^ = A[e,3,i/'i](73,^D7^<5'i) = 


Ai ( 73 ,^ 1 ) 
Ai(7^^i) 


for any two pairs ( 7 ^, ^i) and ( 7 ^, ^5.) of related elements. Hence the quotient 


a = 


AU73,<^i) 

Ai(73,<5i) 


does not depend on the choice of a pair ( 73 ,^ 1 ) of related elements. This satisfies the desired equations. □ 
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Wc rIsO d6n0tG Jz — Jid,z '- ntemp(G^) ^ ntemp(G^)- 

Corollary A.4. Let z € Z^(F,Z). Then for a tempered L-parameter (j) of G, we have 

Jz{^4>) = n^. 

Proof. We take e = (G, ^G, l,id) and j = (G, id). Let {Gi,ipi,zi) be a pure inner twist of G, and Ai, A'^ 
and a as in (the proof of) the above lemma. Then we see that /' and / have A'j^-matching orbital integrals 
if and only if /' and a ■ f have Ai-matching orbital integrals. Hence we should have 

Since { 07 ri | G Iri'(Gi(T'))} is linearly independent, we see that (Gi,zi, tti) £ H,^ if and only if 
(Gi,'0i,ziz“\7ri) G n,^. □ 

Let s be a semi-simple element in S^. We take an endoscopic datum e = s, ij) associated to s. Note 

that s G Z{HY. Let 3 = be a z-pair for e. For a pair ( 73 , d) G H^^c-sr x Gsr of related elements, we 

denote the image of 73 under the map ^ H hy 7 , and we put S = Cent( 7 , H) and T = Cent((5, G). Then 
there exists a unique admissible embedding S ^ T C G such that ^( 7 ) = S. The isomorphism gives 
a map 

Z{Hf ^ fr. 

We denote the image of s under this map by s-y/. For z G Z^{F, Z), we consider 

([z], 57 ,( 5 ), 

where (•,•); H^{F,T) x 7 ro('r^) —>■ is the Tata-Nakayama pairing, and [z] is the image of z under the 

map Z^{F,Z) H^ {F,Z) H^{F,T). 

Theorem A.5. The value ([z], 57 ,( 5 ) does not depend on the choice of a pair ( 73 , d) G x Ggr of related 

elements. The map s 1 —>■ ([z], 57 ,( 5 ) gives a character Xz ofirQ^S^), and the diagram 

Irr(7ro(S',^)) 

7.1 |.®x. 

Irr(7ro(S',^)) 

is commutative. 

Proof. As in Proposition IA.31 for a pure inner twist {iIji,zi): G —>■ Gi, we put Ai = A[e, 3 , V'l, 2 ^ 1 , to] and 
A3 = A[e, 3 ,'!/'i, to]. Let (73, (5i) G H^^g-st x Gi,sr be a pair of related elements. We take <5 G G{F) and 

g G G{F) such that tpf^{Si) = gSg~^. We define inv(d, Ji) and inv'((5, di) in H^{F,T) by 

inv((5, di) = [cr H> g~^Zi,a(j{g)], 
inv'((5,di) = [cr !-)> g-'^zi^azf'^aig)]. 

Then we have 

^ 1 ( 73 , ^ 1 ) = A(73,(5) • (mv((5,di),S7,(5)"\ 

^ 1 ( 73 , ^ 1 ) = A(73,(5) • (inv'((5,di),57,5)“^ 

Hence we have 

„ _ ^'i(73:<^i) _ (mv(d,(5i), 57,(5) _ ,r , ^ , 

^ 1 ( 73 : <3i) (inv (d, hi), 57,(5) 

Since a does not depend on the choice of ( 73 , hi), we see that ([z], 57 , 5 ) is independent of the choice of ( 73 , h). 
We put x^(s) = ([z], 57 ,( 5 ). 

Since we should have 

if /' and / have A'^-matching orbital integrals, we see that 

(s, Jz(7ri)}m = Xz{s) ■ ( 5 , 7ri)„ 
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for 7Ti = (Gi, '01,zi,TTi) € In particular, taking the unique element -tti = (G,id,l,7r) such that tt is 
lu-generic, we see that Xz is the character of an irreducible representation of Since Xz{^) = Ij this 

representation has dimension 1, i.e., Xz- —>■ is a (1-dimensional) character. □ 

The character Xz is also described as follows. Let s G be a semi-simple element. We take an endoscopic 
datum {11,71,3,7]) associated to s. Let S C H and T C G be maximal i^-tori and rj* : S ^ T he the 
isomorphism given by fixed pairs of G, G, H and H. Note that s G Z{H^) C . We take g G Gsc{F) such 
that ^ = Ad{g~^)ori* : S —)> g~^Tg is an admissible embedding. Then Z CT, and Ad((;“^) fixes all elements 
in Z. For z G Z^{F,Z), we see that ^~^{z) = {r]*)~^{z) G Z^{F,^~^{Z)) C Z^{F,S). Then we have 

xz{s) = {m-\z)],s), 

where (•, •): H^{F, S) x 7ro(S'^) —>■ is the Tate-Nakayama pairing. 

Next, we consider the case when z G Z^{F, Z) is trivial in H^{F, G). Then [z] G Im[Gad(F’) H^{F, Z)]. 

Proposition A.6. Let z G Z^{F,Z) such that [z] G F[^{F,Z) is the image of g G Gad(-F'). Let to = {B,X) 
and to' = {gBg~^,Xo Ad{g~^)) be two Whittaker data ofG. Then we have 

O Jz — ' 

In particular, we have irD'(d') = ® Xz for n G II^. 

Proof. There is a similar result in m- According to Theorem 3.3 (or Lemma 3.2) in [TH], there exists a 
character (ro,!!)') on Tro{S,p/Z{G)^) such that Lmi'h) = t-m'i'h) ® (fD,tu') for any tt = (G,id, l,^) G II^. 

By definition, we can find a preimage h G G{F) of g such that 

h~^a{h) = Zc- 

This implies that {Ad{g),h) is an isomorphism from (id, 1) to (id, z“^), and so that this is an isomorphism 
from (G, id, 1, TT o Ad(g)) to (G, id, z“^, tt). Therefore, Jz is given by 

(G,id, l,7r) !-)> (G,id, l,7ro Ad( 5 )). 

Note that tt is ro'-generic if and only if tt o Ad(( 7 ) is ro-generic. In particular, if we take the unique element 
TT = (G, id, Ijt) G such that tt is fo'-generic representation, then we have 

1 = imiJzi'k)) = imin) (g) Xz = 0 (n5,tu') 0 Xz = (113,03') 0 Xz- 

Hence we have Xz = ( 03 , 03 ')“^, and so that 

hv o Jz{k) = im{F) 0 Xz = (•ro(3T) 0 (tT3,tu')“^ = Lm'{7r) 

for any tt G H^, as desired. □ 

A.5. Examples. We calculate Xz for G = SO(H) with dim(I/) G 2Z, and for G' = Sp(IT). As an application, 
we prove Proposition 13. II and 13.21 We fix a non-trivial additive character ipp ■ F ^ . 

First, we prepare a certain property of the Galois cohomology. For d G F^, we put Ed = F{'/d). Let 

T = El:={{a,b)eGl\a^-b^d=l} 

be a torus over F. Note that T = GLi over Ed- For tr G F, we denote the usual action on GLi(F) by 
X !->■ (j{x), and the action on T{F) by x >->■ ad{x). If d ^ then we have H^{F,T) = {±1} by Kottwitz’s 
isomorphism. 

Lemma A. 7. Let c G E^. We define Zc,a G E^ = T{F) by 

1 */ct|Fc = id_E^, 

— 1 otherwise. 

Then the map Zc: F 9 tr i—>■ Zc.o- G T{F) belongs to Z^{F,T). Moreover, the map H^{F,T) ^ {±1} is given 
by 

[zc] ^ (c,d), 

where (-,-) is the quadratic Hilbert symbol of F. 
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Proof. The first assertion is clear. To prove the last assertion, we may assume that d ^ We define 

z;, e = r(F) by 

1 if cr I Fd = idfi^, 


2 : = 

c otherwise. 


It is easily seen that z' € Z^(F,T). Moreover we have 


Zc.crz'^ J = crdiVc) ■ \/c 


-1 


Hence we have [zc] = [z'] in H^{F,T). 
There exists an exact sequence 


-A Fi(Gal(Fd/F),r(Fd)) -^ HHF,T) -^ 


1 - 

Since T is isomorphic to GLi over Fd, by Hilbert 90, we have H^{Ed,T) = 1. Therefore we have 

Fi(Gal(Fd/F),F(Fd)) - H\E,T). 

Let tr be the generator of Gal(Fd/F). Then we have 

adix) ■ x~^ = a{x)~^x~^ = NE^/Fix)~^ 

for X G T{Ed) = E^ . Hence we have F^(Gal(Fd/F), T(Fd)) = Ne^/f{E'^)- Put zi = 1 and Za = x for 
X e F(Fd) = F^. Then z e Fi(Gal(Fd/F), r(Fd)) if and only if 

1 = Zi = Zcrcr = Zcr • (Jd{Za) = X ■ Udi^x) = X ■ a{x)~^, 

i.e., X G E^. Therefore we have 

Fi(Gal(Fd/F),r(Fd)) - E^/Ne,,f{E^). 

Moreover we see that 

[z']^l inFi(Gal(Fd/F),r(Fd)) ^ c^Nejf{E^) ^ {c,d) =-1 
as desired. □ 


For a positive integer n and d,c G F^, we let V = V2n,d,c be an orthogonal space with dimension 2n 
and type (d, c), and W = W 2 n be a symplectic space with dimension 2n. We put Gn,d,c = SO{V2n,d,c) und 
G'^ = Sp(W 2 „). As in 112.21 we decompose 

^2n.d,c — d^n — l,d,c 0 P2,d,c 0 ^n—l.d.c 

with 


Ain —l.fZ.c — Ev\ . 


FVn-l 




-l,d, 


= EvF 


I Fv. 


n—l.d.c') 


^2,d,c — ^d.c 0 


d.o 


where 

^d.c)V2n,d,c ^d,c) Vbn.d.c 2cd, ^d.c) V2n,d,c b. 

For c,c' G F^, we define an isomorphism of vector spaces 


by 


f ■ F2n,d,c ^ ^2n.d,c' 

^2n,d,c 0 An—l,d,c 3 Vi^d,c ' t Vi^d,c' G An—l,d,c^ G1 V^n.d.cS 

V2n,d,c 0 p2,d.c 3 6 l-A 6 G V2,d,c' C V^n.d.c', 

V2n,d,c 0 V2,d,c ^ e' 1-^ e' G I^,d,c' C V2n,d,c'y 

^2n,d,c 0 ^n—l,d,c ^ ^i,d,c ' ^ ’ ^i,d,c' ^ ^n—l,d.c' 0 ^2n^d.c' ■ 

C 


This satisfies 
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for any x,y G V2n,d,c- Hence / gives an isomorphism tpc'lc'- G2n,d,c G2n,d,c> over F. Let Z2n,d,c be the 
center of G 2 n,d,c and define Zc’/c G Z^{F, Z 2 n,d,c) by 


^c' ! C,G 


\/cVc 


Then (V',-z) = (V'c'/c,-s^c'/c): G 2 n,d,c —>■ G 2 n,d,c' be a pure inner twist of G 2 n,d,c- This is trivial if and only 
if c'/c G Nej^/f(.E^)- Via this pure inner twist, we regard G 2 n,d,c' as a pure inner form of G 2 n,d,c- If 
c'/c ^ Ne^/f{E^), then we identify ntemp(G 2 n,d.c) with ntemp(G 2 „,d.c') via in Lemma [XU 

Let B = TU (resp. B' = T'U') be the Borel subgroup of G 2 n,d,c (resp. and rOc = {B,fic) (resp. = 
be the Whittaker datum of G 2 n,d,c (resp. G 2 „) defined in lj2l Via the isomorphism V'c'/c- G 2 n,d,c —>■ 
G 2 n,d,c’, the datum lUc is transfered to tOc'. 

Recall that an L-parameter (f) of G 2 n,d,c (resp. G 2 „) gives an orthogonal representation 
(j): WDf ^0{2n + 2,C) {resp. (j): WHf ^ SO(2n + 1,C)) 


with det(0) = XVjn.d.c (resp. det(0) = 1). For a semi-simple element s G 5'^, we denote the (—l)-eigenspace 
of s in ^ by 0®. This is a subrepresentation of (j). We put rjcois) = det((/)®)(co) for cq G F^ . This gives 
a character rjcg of 7ro(S',^). Now we prove Proposition 13.11 and 13.21 More precisely, we prove the following 
proposition. 


Proposition A. 8. Let G = G 2 n,d,c or G = G^^, and Z = {±1} be the center of G. For cq G F^ , we define 
Zco G Z'^{F,Z) by Zco.a = o'(\/co)/\/co- Then we have = Vco- Hence for a tempered L-parameter of 
G, the diagram 

> Irr(7ro(S',^)) 


^ Irr(7ro(5'0)) 

is commutative. Here, by the pure inner twist 

(i{i,2;^/y^) (i/j,,/y , 1) 

G2n,d,c t G2n,d,c ^ G2n,d,c'j 

we regard G 2 n,d,c' as a pure inner form of G 2 n,d,c- 


Proof. We may assume that </> = (/>i 0 <(> 2 , where and 02 are orthogonal representations with dim(0i) = 2k 
and dim(02) = dim(0) — 2k, and s G Srj, satisfies s|0i = —1 and s|02 = 1- Then 0® = 0i. Let {H, H, s, rj) be 
an endoscopic datum associated to s such that 

{ G2k,di,l X G2(n-k),d/di,l if G = G2n,d,c, 

G 2 M 1.1 X G'(„_,) ifG = G'„, 


where di G F^ satisfies that det(0i) = (^di). Then we can take a maximal F-torus S' of id which is 
isomorphic to 

r (GLj-i X J X (GLr'=-i X ) if G = G2u,d,c. 

\ (GLj-i X FiJ X GLr'^ ifG = G'„ 

over F. This implies that 


H\F,S) 


H\F,El) X H\F,El/J -A {±1} X {±1} if G = G2n,d,c, 
H\E,Elj^{±l} ifG = G'„. 


Via this isomorphism, (the image of) [zcq] corresponds to ((cq, di), (cq, d/di)) if G = G 2 ndc, and to (co,di) 
ifG = G'2„. 
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On the other hand, via the above isomorphism of S, we have 

,*r\ ^ f^) if G = G2„,d,c, 

) = < p 

[MEi ) ifG = G'„. 

-—-r 

Via this isomorphism, s corresponds to the generator of tto{E^^ ) C {±1}- Therefore we have 

Xzco(s) = ([^co],s) = (co,di) = det((/)i)(co) = Vco{s). 

First, we assume that [^c'/c] 1 in H^{F,G). In particular, G = G 2 n,d,c and c'/c ^ Ne^/f{E^)- By 

Theorem I A. 51 the diagram 

> Irr(7ro(5'0)) 


^ Irr(7ro(5'0)) 

is commutative, where we put {'ip,z) = (V'c'/o-^c'/c)- Note that we have identified II^ C ntemp(G 2 n.d.c) with 

C ntemp(G2n,(i,cO ^ia Jtp,z- 

Next, we assume that [zcg] = 1 in H^{F, G), where we put cq = c'/c. Let T be the maximal F-torus of G 
stabilizing the lines Fvi or Fwi for any i. If G = G^^, then T = GL”. Putting Go = (\/co~^, • ■ ■, \/co~^) ^ 
T(F) C G(F) and let gc^ € Gad(F) be the image of Go- Then we have Zcg = t~g ■ cr(tco), i-C., [zco] G H^{F, Z) 
is the image of gcg- We have gcoB'g^g = B' and /r/ o Ad(gG^) = m/cq- Hence we have o by 

Proposition lA.61 

If G = G 2 n,d,c, then T = GL"“^ x F^. We have [zc^] = 1 in H^{F,G) if and only if cq S Nf^/f{E'^)- 
Take oq, bo € F such that + boVd) = Og — h'^d = cg. We define Go S T{F) by tc^Vi = and 


, Og 60 , 

GoC = ^e+ 

VCo VCo 


Gn C - 


bo , , ciQ 


ocgc. — — —de-\ -;=e • 

VCo VCo 


Note that to = where /: V 2 n,d,c V2n,d,c' — ^ 2 n,d,c is the isomorphism defined as above. Let 

ffcQ S Gad(F) be the image of tco- Then we have Zcg = ■ (t(Go)) i-e-i [^co] S H^{F, Z) is the image of gcg- 

We have gcoBg~^ = B and g,c o Ad(gG^) = A^cco- Hence we have o = ixocco Proposition lA.61 □ 
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